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Introduction 

We know the concept of limits of a 

function is crucial in understanding the 

concept of derivative. In the previous 

module on limits, we have already studied 

about concept of limits (left hand limit 

and right hand limit), algebra of limits, 

limits of polynomial and rational 

functions. In this module, we will be 

studying about limits of trigonometric 

functions, exponential functions and 

logarithmic functions. 

Before heading towards these limits, let 

us first recapitulate in brief what we have studied in previous module.  

Recapitulation: 

 

Facts from history  

• Before 1900, it was thought that calculus 

is quite difficult to teach. So, calculus 

become beyond the reach of youngsters. 

But just in 1900, John Perry and others in 

England started propagating the view 

calculus could be taught in schools. F.L. 

Griffin, pioneered the teaching of 

calculus to first year students. This was 

considered to be the most daring act in 

those days. 

• Today not only the mathematics but 

many other subjects such as Physics, 

Chemistry, Economics and Biological 

Sciences are enjoying the fruits of 

calculus 



 

 

Limits of Trigonometric functions 

In order to evaluate trigonometric limits we will be using following:  

 (I)

 

(II) 

 

(III) 

 



 

 

 

With the help of above facts and theorem let us prove some standard and important limits 

given below: 

• lim
𝑥→0

𝑠𝑖𝑛 𝑥

𝑥
= 1 

• lim
𝑥→0

1−𝑐𝑜𝑠 𝑥

𝑥
= 0 

• lim
𝑥→0

𝑡𝑎𝑛 𝑥

𝑥
= 1 

Solution: from (III) above we know that the function  
𝑠𝑖𝑛 𝑥

𝑥
 is sandwiched between the 

functions 𝑐𝑜𝑠 𝑥 and constant function 1 

That is cos 𝑥 <
𝑠𝑖𝑛 𝑥

𝑥
< 1 

Therefore from (II) we get,  

lim
𝑥→0

cos 𝑥 < lim
𝑥→0

𝑠𝑖𝑛 𝑥

𝑥
< lim

𝑥→0
1 



 

⟹ lim
𝑥→0

𝑠𝑖𝑛 𝑥

𝑥
= 1                   𝑎𝑠 (lim

𝑥→0
cos 𝑥 = 1 𝑎𝑛𝑑 lim

𝑥→0
1 = 1) 

• Now, we will show lim
𝑥→0

1−𝑐𝑜𝑠 𝑥

𝑥
= 0 

lim
𝑥→0

1 − 𝑐𝑜𝑠 𝑥

𝑥
=  lim

𝑥→0

2 𝑠𝑖𝑛2 (𝑥/2)

𝑥
= lim

𝑥→0

2 sin 𝑥/2 

(𝑥/2)
× sin 𝑥/2 

= lim
𝑥→0

2 sin 𝑥/2 

(𝑥/2)
× lim

𝑥→0
 sin 𝑥/2 = 1 

(Recall 1 − 𝑐𝑜𝑠 𝑥 =  2 𝑠𝑖𝑛2 (𝑥/2 )) 

Hence, 𝐥𝐢𝐦
𝒙→𝟎

𝟏−𝒄𝒐𝒔 𝒙

𝒙
= 𝟎 

Now, solve 𝐥𝐢𝐦
𝒙→𝟎

𝒕𝒂𝒏 𝒙

𝒙
= 𝟏 . Isn’t it easy? Direct application of  lim

𝑥→0

𝑠𝑖𝑛 𝑥

𝑥
= 1. See below! 

lim
𝑥→0

𝑡𝑎𝑛 𝑥

𝑥
= lim

𝑥→0

𝑠𝑖𝑛 𝑥

𝑥 cos 𝑥
= lim

𝑥→0

𝑠𝑖𝑛 𝑥

𝑥
. lim

𝑥→0

1

cos 𝑥
= 1 

Similarly, you can evaluate more. 

Let us take some examples. 

Example: Evaluate 𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝐧𝟐 𝟏𝟗𝒙

𝒙𝟐  

Solution: We have, 

lim
𝑥→0

sin2 𝑥

𝑥2
= lim

𝑥→0

sin 19𝑥

19𝑥
×

sin 19𝑥

19𝑥
× 192 

lim
𝑥→0

sin2 𝑥

𝑥2
= 192 lim

𝑥→0

sin 19𝑥

19𝑥
× lim

𝑥→0

sin 19𝑥

19𝑥
                     (𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑜𝑓 𝑙𝑖𝑚𝑖𝑡𝑠) 

lim
𝑥→0

sin2 𝑥

𝑥2
= 192 = 361 

 

Example: Evaluate 𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝐧 𝒂𝒙

𝐬𝐢𝐧 𝒃𝒙
 

Solution: we have, 

lim
𝑥→0

sin 𝑎𝑥

sin 𝑏𝑥
= lim

𝑥→0

sin 𝑎𝑥

𝑎𝑥
×

𝑏𝑥

sin 𝑏𝑥
×

𝑎𝑥

𝑏𝑥
 

lim
𝑥→0

sin 𝑎𝑥

sin 𝑏𝑥
=

𝑎

𝑏
lim
𝑥→0

sin 𝑎𝑥

𝑎𝑥
× lim

𝑥→0

𝑏𝑥

sin 𝑏𝑥
                    (𝑎𝑠 lim

𝑥→0

sin 𝑥

𝑥
= 1 ) 

lim
𝑥→0

sin 𝑎𝑥

sin 𝑏𝑥
=

𝑎

𝑏
 

 

Example: Evaluate 𝐥𝐢𝐦
𝒙→𝟎

𝟏−𝐜𝐨𝐬 𝟖𝒙

𝟏−𝐜𝐨𝐬 𝟏𝟔𝒙
 

Solution: We have,  

lim
𝑥→0

1 − cos 8𝑥

1 − cos 16𝑥
= lim

𝑥→0

2 sin2 4𝑥

2 sin2 8𝑥
                     (𝑢𝑠𝑖𝑛𝑔 cos 2𝑥 = 1 − 2 sin2 𝑥) 



 

lim
𝑥→0

1 − cos 8𝑥

1 − cos 16𝑥
= lim

𝑥→0

sin2 4𝑥

sin2 8𝑥
                      

lim
𝑥→0

1 − cos 8𝑥

1 − cos 16𝑥
= lim

𝑥→0
(
sin 4𝑥

4𝑥
×

sin 4𝑥

4𝑥
× 16𝑥2) lim

𝑥→0
(

8𝑥

sin 8𝑥
×

8𝑥

sin 8𝑥
×

1

64𝑥2
) 

lim
𝑥→0

1 − cos 8𝑥

1 − cos 16𝑥
=

16𝑥2

64𝑥2
=

1

4
 

 

Example: 𝐥𝐢𝐦
𝒙→𝟎

𝐭𝐚𝐧 𝒙−𝐬𝐢𝐧 𝒙

𝐬𝐢𝐧𝟐 𝒙
 

Solution: we have,  

lim
𝑥→0

tan 𝑥 − sin 𝑥

sin2 𝑥
= lim

𝑥→0

sin 𝑥
cos 𝑥 − sin 𝑥

sin2 𝑥
 

lim
𝑥→0

tan 𝑥 − sin 𝑥

sin2 𝑥
= lim

𝑥→0

sin 𝑥 − sin 𝑥 cos 𝑥

sin2 𝑥 cos 𝑥
 

lim
𝑥→0

tan 𝑥 − sin 𝑥

sin2 𝑥
= lim

𝑥→0

sin 𝑥 (1 − cos 𝑥)

sin2 𝑥 cos 𝑥
 

lim
𝑥→0

tan 𝑥 − sin 𝑥

sin2 𝑥
= lim

𝑥→0

𝑥

sin 𝑥
×

1 − cos 𝑥

𝑥
×

1

cos 𝑥
 

lim
𝑥→0

tan 𝑥 − sin 𝑥

sin2 𝑥
= lim

𝑥→0

𝑥

sin 𝑥
× lim

𝑥→0

1 − cos 𝑥

𝑥
× lim

𝑥→0

1

cos 𝑥
 

lim
𝑥→0

tan 𝑥 − sin 𝑥

sin2 𝑥
= 0                             (𝑎𝑠 lim

𝑥→0

𝑥

sin 𝑥
= 1, lim

𝑥→0

1 − cos 𝑥

𝑥
= 0, lim

𝑥→0

1

cos 𝑥
= 1  ) 

 

Example: Evaluate  𝐥𝐢𝐦
𝒚→𝟎

(𝒙+𝒚) 𝐬𝐞𝐜(𝒙+𝒚)−𝒙 𝐬𝐞𝐜 𝒙

𝒚
 

Solution: We have,  

lim
𝑦→0

(𝑥 + 𝑦) sec(𝑥 + 𝑦) − 𝑥 sec 𝑥

𝑦
 

= lim
𝑦→0

𝑥 sec(𝑥 + 𝑦) + 𝑦 sec(𝑥 + 𝑦) − 𝑥 sec 𝑥

𝑦
 

= lim
𝑦→0

𝑥 (sec(𝑥 + 𝑦) − sec 𝑥) + 𝑦 sec(𝑥 + 𝑦)

𝑦
 

= lim
𝑦→0

𝑥 (sec(𝑥 + 𝑦) − sec 𝑥)

𝑦
+ lim

𝑦→0
 sec(𝑥 + 𝑦) 

= lim
𝑦→0

𝑥 (sec(𝑥 + 𝑦) − sec 𝑥)

𝑦
+ lim

𝑦→0
 sec(𝑥 + 𝑦) 

= lim
𝑦→0

𝑥(cos 𝑥 − cos(𝑥 + 𝑦))

𝑦 cos 𝑥 cos(𝑥 + 𝑦)
+ lim

𝑦→0
 sec(𝑥 + 𝑦) 

= lim
𝑦→0

𝑥

cos 𝑥 cos(𝑥 + 𝑦)
× lim

𝑦→0

2 sin(𝑥 +
𝑦
2) sin

𝑦
2

2(
𝑦
2)

+ lim
𝑦→0

 sec(𝑥 + 𝑦) 



 

=
𝑥 sin 𝑥

cos 𝑥 
× cos 𝑥 + sec 𝑥 

= 𝑥 tan 𝑥 sec 𝑥 + sec 𝑥 

Hence, lim
𝑦→0

(𝑥+𝑦) sec(𝑥+𝑦)−𝑥 sec 𝑥

𝑦
= 𝑥 tan 𝑥 sec 𝑥 + sec 𝑥 

It is interesting to note that in all above examples we have find the limits when variable 

approaches to zero (i.e., 𝑥 → 0). So, let us now see what happen when 𝑥 tends to some other 

real number except zero. 

Example: lim
𝑥→𝜋

sin(𝜋−𝑥)

𝜋(𝜋−𝑥)
 

Solution: We have, 

lim
𝑥→𝜋

sin(𝜋 − 𝑥)

𝜋(𝜋 − 𝑥)
 

Let (𝜋 − 𝑥) = 𝑦   

𝑦 → 0 as 𝑥 → 𝜋 

Implies  

lim
𝑦→0

sin 𝑦

𝜋𝑦
=

1

𝜋
lim
𝑦→0

sin 𝑦

𝑦
=

1

𝜋
 

Hence,  

lim
𝑥→𝜋

sin(𝜋 − 𝑥)

𝜋(𝜋 − 𝑥)
=

1

𝜋
 

 

Example: Let 𝑓(𝑥) = {

𝑘(sin 𝑥−cos 𝑥)

𝑥−𝜋/4
𝑥 ≠ 𝜋/4

√2 𝑥 = 𝜋/4
 and if lim

𝑥→𝜋/2
𝑓(𝑥) = 𝑓(𝜋/4). Find the value 

of 𝑘 

Solution: It is given that lim
𝑥→𝜋/2

𝑓(𝑥) = 𝑓(
𝜋

4
) 

Therefore, lim
𝑥→

𝜋

2

𝑘(sin 𝑥−cos 𝑥)

𝑥−
𝜋

4

= √2 

𝑘lim
𝑥→

𝜋
2

(sin 𝑥 − cos 𝑥)

𝑥 −
𝜋
4

= √2 

⟹ 𝑘lim
𝑥→

𝜋
2

√2(sin 𝑥 (1/√2) − cos 𝑥 (1/√2))

𝑥 −
𝜋
4

= √2 

⟹ 𝑘lim
𝑥→

𝜋
2

√2(sin 𝑥 (1/√2) − cos 𝑥 (1/√2))

𝑥 −
𝜋
4

= √2 

⟹ 𝑘lim
𝑥→

𝜋
2

√2(sin 𝑥 cos 𝜋/4 − cos 𝑥 sin 𝜋/4)

𝑥 −
𝜋
4

= √2 



 

⟹ 𝑘lim
𝑥→

𝜋
2

√2 sin (𝑥 −
𝜋
4)

𝑥 −
𝜋
4

= √2                    𝑎𝑠 (sin(𝑥 − 𝑦) = sin 𝑥 cos 𝑦 − sin 𝑦 cos 𝑥) 

⟹ 𝑘lim
𝑥→

𝜋
2

sin (𝑥 −
𝜋
4)

𝑥 −
𝜋
4

= 1                          𝑎𝑠 (lim
𝑥→0

sin 𝑥

𝑥
= 1) 

⟹ 𝑘 = 1 

Hence, value of 𝑘 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 1 

Example: 𝐥𝐢𝐦
𝒙→𝝅/𝟔

𝟐 𝒔𝒊𝒏𝟐𝒙+𝒔𝒊𝒏 𝒙−𝟏

𝟐 𝒔𝒊𝒏𝟐𝒙−𝟑𝒔𝒊𝒏 𝒙−𝟏
 

Solution: we have,  

lim
𝑥→𝜋/6

2 𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛 𝑥 − 1

2 𝑠𝑖𝑛2𝑥 − 3𝑠𝑖𝑛 𝑥 − 1
= lim

𝑥→𝜋/6

(2 sin 𝑥 − 1)(sin 𝑥 + 1)

(2𝑒 sin 𝑥 − 1)(sin 𝑥 − 1)
= −3 

 

Example: 𝐥𝐢𝐦
𝒙→𝟎

√𝟐−√𝟏+𝒄𝒐𝒔 𝟐𝒙

𝒔𝒊𝒏 𝟐𝒙
 

Solution: we have, 

When we put 𝑥 = 0 the expression 
√2−√1+𝑐𝑜𝑠 2𝑥

𝑠𝑖𝑛 2𝑥
 takes form 

0

0
 

Therefore, on rationalizing the numerator we get  

= lim
𝑥→0

2−(1+𝑐𝑜𝑠 2𝑥)

𝑠𝑖𝑛 2𝑥 (√2−√1+𝑐𝑜𝑠 2𝑥)
  

= lim
𝑥→0

𝑠𝑖𝑛 2𝑥

𝑠𝑖𝑛 2𝑥 (√2 − √1 + 𝑐𝑜𝑠 2𝑥)
 

= lim
𝑥→0

1

 (√2 − √1 + 𝑐𝑜𝑠 2𝑥)
 

= 
1

2√2
 

 

Hence, lim
𝑥→0

√2−√1+𝑐𝑜𝑠 2𝑥

𝑠𝑖𝑛 2𝑥
=

1

2√2
 

 

In last example you must have noticed an exponential function but in a narrower view. Let us 

see these functions in a broader view. 

Limits of exponential and logarithmic functions  

Before discussing evaluation of limits, let us introduce these two functions stating their 

domain, range and their graph. 

 

 

 



 

Leonhard Euler (1707-1783), the great Swiss mathematician introduced the number 𝑒 whose 

values lies between 2 and 3. This number is useful in defining exponential function and is 

defined as 𝑓(𝑥) = 𝑒𝑥, 𝑥 𝜖 𝑅. Its domain is 𝑅, range is the set of positive real numbers. The 

graph of exponential function, i.e., 𝑦 = 𝑒𝑥 is as given in figure below. 

 

 

 

Similarly, the logarithmic function expressed as log𝑒 𝑅+ → 𝑅 is given bylog𝑒 𝑥 = 𝑦, if and 

only if  𝑒𝑦 = 𝑥. Its domain is 𝑅+ which is the set of all positive real numbers and range is 𝑅. 

The graph of logarithmic function y = log𝑒 𝑥 is shown in figure below: 

 

 

 

Now, evaluate two of the important limits of these functions  

 

Theorem: Prove that 𝐥𝐢𝐦
𝒙→𝟎

𝒆𝒙−𝟏

𝒙
= 𝟏 

Proof: It will be interesting to note that  

1

1 + |𝑥|
≤

𝑒𝑥 − 1

𝑥
≤ 1 + |𝑥|(𝑒 − 2), 𝑥 ∈ [−1,1]~{0} 



 

Also, lim
𝑥→0

1

1+|𝑥|
=

1

1+lim
𝑥→0

|𝑥|
= 1 

and lim
𝑥→0

1 + |𝑥|(𝑒 − 2) = 1 + (𝑒 − 2) lim
𝑥→0

|𝑥| = 1 + (𝑒 − 2)0 = 1 

Therefore, by sandwich theorem, we get  

lim
𝑥→0

𝑒𝑥 − 1

𝑥
= 1 

 

Also, 

Theorem: Prove that 𝐥𝐢𝐦
𝒙→𝟎

𝐥𝐨𝐠𝒆(𝟏+𝒙)

𝒙
= 𝟏 

Proof: let 
𝐥𝐨𝐠𝒆(𝟏+𝒙)

𝒙
= 𝒚.  

Then log𝑒(1 + 𝑥) = 𝑥𝑦 

⟹ 1 + 𝑥 = 𝑒𝑥𝑦 

⟹
𝑒𝑥𝑦 − 1

𝑥
= 1 

Or  

⟹
𝑒𝑥𝑦 − 1

𝑥𝑦
. 𝑦 = 1 

⟹ lim
𝑥𝑦→0

𝑒𝑥𝑦 − 1

𝑥𝑦
. lim

𝑦⟶0
𝑦 = 1                  𝑎𝑠 𝑥 ⟶ 0  𝑥𝑦 ⟶ 0 

⟹ lim
𝑦⟶0

𝑦 = 1                 𝑎𝑠      lim
𝑥→0

𝑒𝑥 − 1

𝑥
= 1    

⟹ lim
𝑥⟶0

log𝑒(1 + 𝑥)

𝑥
= 1   

Example: Evaluate 𝐥𝐢𝐦
𝒙→𝟎

𝒆𝒙−𝟏

√𝟏−𝒄𝒐𝒔 𝟐𝒙
 

Solution: we have  

lim
𝑥→0

𝑒𝑥 − 1

√1 − 𝑐𝑜𝑠 2𝑥
 

➢ (Recall lim
𝑥→0

𝑒𝑥−1

𝑥
= 1 and 1 − 𝑐𝑜𝑠 2𝑥 = 2 sin2 𝑥 ) 

Therefore,  

lim
𝑥→0

𝑒𝑥 − 1

√1 − 𝑐𝑜𝑠 2𝑥
= lim

𝑥→0

𝑒𝑥 − 1

𝑥
× lim

𝑥→0

𝑥

√2 sin2 𝑥
                  (𝑚𝑢𝑙𝑡𝑖𝑝𝑦𝑖𝑛𝑔 𝑎𝑛𝑑 𝑑𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑏𝑦 𝑥 ) 

lim
𝑥→0

𝑒𝑥 − 1

√1 − 𝑐𝑜𝑠 2𝑥
= lim

𝑥→0

𝑒𝑥 − 1

𝑥
× lim

𝑥→0

𝑥

√2 sin 𝑥
=

1

√2 
 

Example: Evaluate 𝐥𝐢𝐦
𝒙⟶𝟎

𝐥𝐨𝐠𝒆(𝟏+𝒙𝟑)

𝒔𝒊𝒏𝟑𝒙
= 𝟏 

Solution: we have, 

lim
𝑥⟶0

log𝑒(1 + 𝑥3)

𝑠𝑖𝑛3𝑥
 



 

➢ (Recall lim
𝑥→0

log𝑒(1+𝑥)

𝑥
= 1 𝑎𝑛𝑑 lim

𝑥→0

sin 𝑥

𝑥
= 1 ) 

Now,  

lim
𝑥⟶0

log𝑒(1 + 𝑥3)

𝑠𝑖𝑛3𝑥
= lim

𝑥⟶0

log𝑒(1 + 𝑥3)

𝑥3
. lim

𝑥⟶0

𝑥3

𝑠𝑖𝑛3𝑥
= 1 

 

While evaluating all the above limits. We can notice the following rule is kept in mind 

always. 

 

Before ending this module let us revise some standard limits that we have learn in this 

module  

Summary  

➢ Let 𝑓 and 𝑔 be two real valued functions with the same domain such that  

𝑓(𝑥) ≤ 𝑔(𝑥) for all 𝑥 in the domain of definition, for some 𝑎, if both lim
𝑥→𝑎

𝑓(𝑥) and 

lim
𝑥→𝑎

𝑔(𝑥) exist, then lim
𝑥→𝑎

𝑓(𝑥) ≤ lim
𝑥→𝑎

𝑔(𝑥) 

➢ Let 𝑓 , 𝑔 and ℎ be real valued functions such that 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) for all 𝑥 in the 

common domain of definition, for some real number 𝑎, if  

lim
𝑥→𝑎

𝑓(𝑥) = 𝑙 = lim
𝑥→𝑎

ℎ(𝑥), then lim
𝑥→𝑎

𝑔(𝑥) = 𝑙 

➢ lim
𝑥→0

𝑠𝑖𝑛 𝑥

𝑥
= 1 

➢ lim
𝑥→0

1−𝑐𝑜𝑠 𝑥

𝑥
= 0 

➢ lim
𝑥→0

𝑡𝑎𝑛 𝑥

𝑥
= 1 

➢ lim
𝑥→0

𝑒𝑥−1

𝑥
= 1 

➢ lim
𝑥→0

log𝑒(1+𝑥)

𝑥
= 1 

 


