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Summary

Introduction

We know the concept of limits of a
function is crucial in understanding the
concept of derivative. In the previous
module on limits, we have already studied
about concept of limits (left hand limit
and right hand limit), algebra of limits,
limits of polynomial and rational
functions. In this module, we will be
studying about limits of trigonometric
functions, exponential functions and

logarithmic functions.

Before heading towards these limits, let

us first recapitulate in brief what we have studied in previous module.

Recapitulation:

o Left hand limit (LHL): The expected value of the function as dictated by the points
to the left of a point defines the left hand limit of the function at that point.
» Right hand limit (RHL): The expected value of the function as dictated by the points
to the right of a point defines the right hand limit of the function at that point.
e Limit: Limit of a function at a point is the common value of the left and right hand
limits. if they coincide.
= Notation:
¥ Limit: lim f(x)
x—a
» LHL: lim f(x)
x—a

> RHL: lim f(x)
* Algebra of Limits: For functions f and g the following holds:
F lim(f(x) £ g(x)) = lim f(x) £ lim g(x)
X1 xX—=a X1
 lim(f(x). g(x)) = lim f(x). lim g(x)

> lim (12) = 2270
gt} limo()

x—a

e Some standard limits

> limk =k where k is any real fixed number

x—sa

n__n
> limT—% — nan1

x—a X—a




Limits of Trigonometric functions

In order to evaluate trigonometric limits we will be using following:

0

Theorem Letfand g be two real valued functions with the same domain such that

f(x) < g( x) for all x in the domain of definition, For some q, if both lxl_l}}, fix) and

lim g(x) exist, then l‘_)ma flx) < lim g(x). This is illustrated in Figure below

Y
A
I ¥y =g(x)
I
I
Ly
= : >X

(1)

Theorem (Sandwich Theorem) Let f, g and & be real functions such that
f(x) < g( x) < h(x) for all x in the common domain of definition. For some real number

a,if MM fx)= 1= 1M j(x), then M g(x) =L This is illustrated in Figare below
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Proof We know that sin (— x) = — sin x and cos( — x) = cos x. Hence, it is sufficient

B
T
to prove the inequality for 0 < x< 5

L

C
In the Fig 13.10, O is the centre of the unit circle such that A§
A

]
the angle AOC is x radians and 0 < x < 5 Line segments B A and

CD are perpendiculars to OA. Further, join AC. Then
Area of AOAC < Area of sector OAC < Area of AOAB. Fig 13.10

ie. L OACD <X 2(0A)Y < LOAAB
2 2 2

e, CD<x.0OA<AB.

From A OCD,

i D OC=0A)andh CD = OA sin x. Al AP d
sin x = a(smce = OA) and hence = sin x. Also tan x=5aan

hence AB = OA. tan x. Thus
OA sin x < OA. x < OA. tan x.
Since length OA is positive, we have
sin x < x < tan x.

T
Since 0 <x< 7 sinx is positive and thus by dividing throughout by sin x, we have

1
—<
sinx cosx

1< Taking reciprocals throughout, we have

sinx
cosx< ——<1

X

which complete the proof.

With the help of above facts and theorem let us prove some standard and important limits

given below:

e limZX=1
x->0 X
. 1-

° hm CcoS X — O
x—0 X
. t

o lim=f=1
x-0 X

sin x

is sandwiched between the

Solution: from (1l1) above we know that the function

functions cos x and constant function 1

sin x

That is cos x < <1

X

Therefore from (1) we get,

nx

<lim1
X x—0

Si
lim cos x < lim
x—0 x—0



Sin x
= lim =1 as (lim cosx=1and lim1 = 1)

x-0 X x—0 x—0
e Now, we will show lim === = ¢
x—0 X

1—cosx . 2sin*(x/2) _ 2sinx/2
lim—— = lim——— = = lim———— X sinx/2
x—0 X x—0 X x-0 (x/2)

. 2sinx/2 o
= lim X limsinx/2 =1

x-0 (x/2) x-0
(Recall 1 — cos x = 2 sin? (x/2))

. 1-
Hence, lim —=% = ¢
x—0

X
Now, solve lm&% = 1. Isn’t it easy? Direct application of lmé % = 1. See below!
X— X—

tan x sinx _ sinx 1
= lim dim =1
x-0 X x->0XCOSX x>0 X x-0COSX

Similarly, you can evaluate more.

Let us take some examples.

. sin?19
Example: Evaluate lim =——
x-0 X
Solution: We have,
i sin? x i sin19x sin 19x 192
im = lim X X
x—0 x2 x-0 19x 19x
i sin? x 1921 sin 19x . sin 19x (algebra of limits)
im = im——— X lim—— algebra of limits
x—0 xz x-0 19x x-0 19x g
_ sin?x ,
lim >— = 194 = 361
x-0 X
Example: Evaluate lim ——
x—0 sin bx
Solution: we have,
sinax _ sinax bx ax
im— = lim X — X —
x-0Ssinbx x-0 ax sinbx bx
~ sinax a_ sinax bx ~ sinx
lim — = —lim X lim — (as lim =1)
x->0Sinbx bx-0 ax x—0 sin bx x-0 X
sinax a
im— =—
x-»0sinbx b

. 1-cos8
Example: Evaluate lim ————
x—0 1—cos 16x

Solution: We have,
1—cos8x _  2sin?4x

. — . — _ .2
x50 1 — cos 16x  x20 2 sin? 8x (using cos2x =1 =2 sin"x)



1 — cos 8x ~ sin?4x

im— = lim—
x-01 —cos16x x-0sin?8x

I 1 —cos8x I (sin 4x sin4x 16x?) Tim( 8x 8x 1 )
im —— —— = lim X X 16x%) lim(— X — X
x->01—cos1l6x x-0" 4x 4x x>0 sin8x sin8x  64x2
" 1—cos8x 16x% 1

1m = = -

x->01 —cosl6x 64x%2 4

. tanx—sinx
Example: lim ———
x—0 sin“ x
Solution: we have,
' sinx sinx
tanx — sinx -

lim — = |im £95X >

x-0 sin“ x x—-0 Sin“ x

~ tanx —sinx ~ sinx —sinxcosx

lim — = lim —
x-0  sin®x x-0  sin?xcosx

. tanx—sinx  sinx (1l — cosx)

lim — = lim —
x-0 Sin“ x x—0 SIn“ X CoS x

~ tanx —sinx X 1—cosx 1

lim — = lim — X X
x-0  sin®x x—0Sin x X CoS x

~ tanx —sinx X ~1—cosx 1

lim — = lim — X lim —— X lim
x-0  sin‘x x-0Sinx  x-0 X x—0 COS X

~ tanx —sinx . X ~1—cosx .
llmT =0 (as lim — =1,lim = 0,lim
x-0  sin‘x x—-0 Sin x x—0 x—0 COS X

(x+y) sec(x+y)—xsecx
y

Example: Evaluate lin(}
y—)

Solution: We have,

o (x+y)sec(x+y) —xsecx
lim
-0 y

- xsec(x+y)+ysec(x +y) —xsecx
im
y-0 y

. x(sec(x+y)—secx)+ysec(x +y)
im
y—0 y

. x(sec(x +y) —secx)
im

+ lim sec(x +
y-0 y y—0 ( y)

. x(sec(x +y)—secx)
im

+ lim sec(x +
y—-0 y y-0 ( y)
x(cosx — cos(x +
= lim ( (x +)) + lim sec(x + y)
y-0 ycosxcos(x+y) y-0

2sin(x + %) sin%

. x li + i +
_r}?) cosx cos(x +y) yl_r)r(l, 2(%) yl_r;% sec(x +y)

1)



xsinx
= X COoSXx + secx
coSs X

= xtanxsecx + secx

. X+ sec(x+ —XSecx
Hence, llrr(l) (rty) sec( " Y) = xtanxsecx + secx
y—)

It is interesting to note that in all above examples we have find the limits when variable
approaches to zero (i.e., x = 0). So, let us now see what happen when x tends to some other

real number except zero.

Example: lim 22—

x—-m T(T—Xx)
Solution: We have,
sin(m — x)
im——
x-1 (T — X)

Let(m—x) =y
y—-0asx—m

Implies

. siny 1 siny 1
lim = —lim = —
y-0 My  mWy-0 y T
Hence,

sin(m—x) 1

im =
x-n I(mM—x) T

k(sinx—cosx)

Example: Let f(x) =§ *~7/4
V2 x=mn/4

x #+mn/4 . .
and if lirr}zf(x) = f(m/4). Find the value
X—TT

of k
Solution: Itis given that lim f(x) = f(>)
x-1/2 4

Therefore, lim k(sinx—cosx) _ /3
X—— 2

2

sinx — cos x
( ) _ /3

klim =
xX=5 X — 7
- klin%ﬁ(sjnx (1/4/2) —ncosx (1/\/7)) _ 3
xX=5 X — Z
_ klir%\/i(sinx (1/4/2) —ncosx (1/\/7)) — 3
x5 X — Z

V2(sin x cos /4 — cos x sin /4
= klim ( / = /):\/E

x—»i X—Z




V2 sin (x - %)

= klim =2 as (sin(x —y) = sinx cosy — siny cos x
T
. s
_ sm(x—z)_ __sinx
= klim =1 as (lim =1)
X X_Z x>0 X
=k=1

Hence, value of k is equal to 1

. 1= 2 sin®x+sin x—1
Example. lim P S
x-m/6 2 sin“x—3sin x—-1

Solution: we have,

2 sin®x +sinx — 1 . (2sinx —1)(sinx + 1)

im = lim
x-m/62 sin?x —3sinx —1 x-mn/6 (2esinx — 1)(sinx — 1)

. V2-1+cos?

Example: lim ———>=
x—0 sin “x

Solution: we have,

V2—V1+cos 2x

When we put x = 0 the expression — takes form 2
sin <X 0

Therefore, on rationalizing the numerator we get
— lim 2—(1+cos %x)
T x50 sin 2x (VZ—+y/1+cos 2x)
. sin %x
= l1im

x=0 5in 2x (v2 — /1 + cos 2x)
li !

= lim
x=0 (/2 — /1 + cos 2x)

. V2—V1+cos?2x 1
Hence, lim—— = —
x>0 sin 2x 2V2

In last example you must have noticed an exponential function but in a narrower view. Let us
see these functions in a broader view.

Limits of exponential and logarithmic functions

Before discussing evaluation of limits, let us introduce these two functions stating their

domain, range and their graph.



Leonhard Euler (1707-1783), the great Swiss mathematician introduced the number e whose

values lies between 2 and 3. This number is useful in defining exponential function and is

defined as f(x) = e*,x € R. Its domain is R, range is the set of positive real numbers. The

graph of exponential function, i.e., y = e* is as given in figure below.

e

graph of y = ¢"

Similarly, the logarithmic function expressed as log, R* — R is given bylog, x = vy, if and

only if e¥ = x. Its domain is R which is the set of all positive real numbers and range is R.

The graph of logarithmic function y = log, x is shown in figure below:

—

O

graph of y = logx

Now, evaluate two of the important limits of these functions

e*—1
=1
x

Theorem: Prove that linon
X
Proof: It will be interesting to note that
1 * —
<
1+ |x|

<1+ |x|(e—2),x€[-11

1~{0}



. 1
Also, lim = — =
x—0 1+]x]| 1+31(1_I)r(1)|x|

andlin31+|x|(e—2) = 1+(e—2)lirr6|x| =1+(—-2)0=1
x— x>

Therefore, by sandwich theorem, we get

e —1
=1

lim
x-0 X

Also,

loge(1+x) _
. =

Theorem: Prove that lin(} 1
X—

Proof: let w =

Thenlog,(1 + x) = xy
= 1+x=¢e%

e —1

= =1

X
Or

e —1

Xy

e —1
= lim Jdimy =1 asx —>0xy—0
xy-=0 Xy y—0

=

y=1

= limy=1 as lim
y—0 x—0 X

log.(1+ x
= lim —ge( ) =1
x—0 X

Example: Evaluate lim ———
ple: x>0 V1—cos 2x

Solution: we have
) e*—1
li

m—
x=0+/1 — cos 2x

> (Recall lirréexx—_1 =1and 1 — cos 2x = 2sin’x)
X

Therefore,

lim e"——l = lim e’ -1 X lim _* (multipying and dividing by x )
x>0+/1 — cos 2x x~0 X x->0+/2 sin2 x

lirnex—_1 = lirnex 1 X lim—— = L

x-04/1 — cos 2x x>0 X x-04/2 sinx V2

Example: Evaluate ;i_l)‘l‘(l)% =1

Solution: we have,

log, (1 + x3)
x—0 sin3x



loge(1+x) sinx __

_1)

=1 and lim
x>0 X

» (Recall lim
x—0

Now,

log, (1 + x3) o log.(14+x3) x3
m——==lim———=.1

— 3 Aim ——— = 1
x—0 sin®x x—0 X x—0 Sin3x

While evaluating all the above limits. We can notice the following rule is kept in mind

always.

A general rule that needs to be kept in mind while evaluating limits is the following.

_f(x
Say, given that the limit 1‘1_12 ——“g (r) exists and we want to evaluate this. First we check
the value of f(a) and g(a). If both are 0, then we see if we can get the factor which
is causing the terms to vanish, i.e., see if we can write f(x) = f, (x) f,(x) so that
f, (@) =0 and f, (a) # 0. Similarly, we write g(x) = g, (x) g,(x). where g (a) = 0 and
g,(a) # 0. Cancel out the common factors from f{x) and g(x) (if possible) and write

f(x) _p(x)

g (’C) g (’C) . where Q’(X) # 0.

Before ending this module let us revise some standard limits that we have learn in this
module
Summary

> Let f and g be two real valued functions with the same domain such that

f(x) < g(x) for all x in the domain of definition, for some a, if both lim f(x) and
x—-a
lim g(x) exist, then lim f(x) < lim g(x)
xX—a x—a xX—a
> Let f, g and h be real valued functions such that f(x) < g(x) < h(x) for all x in the
common domain of definition, for some real number a, if
lim f(x) = | = lim h(x), then lim g(x) = [
xX—a xX—a x—a

. Sinx
> lim——

x—-0 X

=1

. 1—-cosx
» lim———

x—0 X

=0

. tan x
> lim

x-0 X

=1

> lim &=t

x-0 X

=1

> lim 28e(*0) _
x—0 X



