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Summary

Introduction

Branch of mathematics which mainly deals with
study of change in the value of a function as the
point in the domain changes. This module is an
introduction to ‘calculus’ which is a branch of
mathematics. It deals with the concepts of limits of a
functions, which is fundamental in understanding the

concepts of derivatives.

Limits

Suppose f is a function defined on an interval containing x = a (Except possibly at x = a).
Then ‘informally, the limit is the real number L such that f(x) is arbitrary close to L if x is
chosen to be “sufficiently close to a” (excluding x = a)

Note: For a function to have a limit as x — a, it is not necessary that the function be
defined at the point x = a. When finding the limit we consider the values of the function
in the neighborhood of the point a (very close to the point a) that are different from a
What does that really mean? Let see some functions and study their behavior graphically

Ilustration 1

Consider the function f{x) = x°. Observe that as x takes values very close to 0,
the value of f(x) also moves towards 0 . We say
lirré f(x)=0

(to be read as limit of f(x) as x tends to zero equals zero).



Also,
Illustration 2

Consider the following function.

¥ -4 A
h(x)=ﬁ,x¢2, -
Compute the value of h(x) for values of ©.2)
xvery nearto 2 (but not at 2). Convince yourself /
that all these values are very near to 4. X o 2.0)
.

In both the cases above we can see that the limit of function as x approaches to some point is
thought of as the value of the function should assume at that point, that is, the value of the
function are assumed to be 0 and 4 respectively and is not attaining it as we are moving x
closer and closer to the points 0 and 2

As you can see in this table for illustration 2

X 1.4 15 1.99 2 2.01 2.05 2.2
f(x) |34 35 3.99 Not 4.01 4.05 4.2
defined

It is interesting to note that in both the illustrations the value which the function should
assume at a given point x = a
did not really depend on how
x is tending to a.

x approches a from right

So, we can say! ¢

‘ |

a

Eval Uatlon Of Left Hand x approches a from left
Limit (LHL) and Right
Hand Limit (RHL)




There are essentially two ways x could approach a number a either from left or right, that is,
all the values of x near to a could be less than a or greater than a but very close to a .This
naturally leads to two limits

% The left hand limit

+«+ The right hand limit
And if these two limits coincides then the common value is known as the limit of the

function.

Left hand limit (LHL): The expected
value of the function as dictated by the
points to the left of a point defines the
left hand limit of the function at that
point which we can find by given steps

in box

Example: Find the left hand limit of the
function where f(x) = x(x + 1) as x tendsto 5
Solution: LHL
() lim fGo
(1) lim f() =lim £(5 — h)
(1) lim f(5 — h) = im(5 — h)(5 — h + 1) = lim(h* — 11h + 30)

(IV)  On simplification we get, linsn_ f(x) =30
P

Similarly,

Right hand limit (RHL): The expected
value of the function as dictated by the
points to the right of a point defines the
right hand limit of the function at that
point which we can find by given steps

in box

Example: Find the right hand limit of the function where f(x) = x(x + 1) as x tends to 5
Solution: RHL




(I  lim fGo
() lim f() =1lim f(5+h)
. T — 1 2
D) }ll_r}(l)f(s +h) = }ll_rg(l)(S +h)G+h+1)= }ll_r%(h + 11k + 30)
(IV)  On simplification we get, lir§1+ f(x) =30
xX-
Hence, as the LHL and RHL coincide. We say that the limit of the function exist and
lim f(x) = 30
x—5
Therefore, in totality
We say 31_‘33 flx) 1s the expected value of fat x = @ given the values of f near

x to the left of a. This value is called the left hand limit of f at a.

We say lim f(x) is the expected value of f at x = a given the values of
x—a

fnear x to the right of a. This value is called the right hand limit of f(x) at a.
If the right and left hand limits coincide, we call that common value as the limit

of f(x) at x = a and denote it by 1(‘_‘}3 fx).

Note: In case left hand limit and right hand limit are

different. We say limit does not exist. Y
1 x>0 A
Example: Evaluate lin(l) f(x)where f(x) =40 x=0
o —1 X < O ]‘ H ‘V: I

Solution: RHL: lim, f(x) =1

x—-0% \”1 \ \
LHL: lim f() == 1 s 0 L

X

But LHL£RHL. Therefore, limit of the function as x tends to J‘=-| (—H—l
zero does not exist (even though the function is defined at 0) v
Let us take some more examples and see what we Y/

observe
Example: Find the left hand limit and right hand limit of function f(x) = 5x when x - 2.

Check whether }Clirzl f(x) exists.

Solution: }ciig f(x), where f(x) = 5x

LHL: xlirgl_f(x) = }li_r)r(l)f(Z —h) = }li_r)r(l) 52—-h)=10
RHL: xhgl)f fx) = }li_r)r(l)f(z +h) = ;1111(1) 5(2+h) =10
As LHL =RHL =10

Therefore, }Ciir% 5x =10

x+5 x+-1

Example: Evaluate xILrPlf(x) where f(x) = { 0 = 1

Solution: we have to find lim1 f(x)
xX—o—



LHL: xl_}r_r}_ f(x) = }11_13(1)]((—1 —h) = }ll_rg(—l —h)+5=4
RHL.: xl_}g}+f(x) = }ll_r%f(—l +h) = }ll_r)r(l)(—l +h)+5=4
As LHL =RHL =4
Therefore, lim1 f(x)=4
X——
From the above examples we can make following observations between the value of a
function at a point and the limit at that point, i.e., if f(x) be a function and a be a point then
we have following possibilities

> lim f(x) exists but f(a) does not exist
X—a

(f (a) means the value of the function f(x) at point a)

» The value f(a) exists but lim f(x) does not exist
xX—>a
» lim f(x) and f (a) both exist but may or may not be equal
xX—a

Algebra of limits
Also, notice that the functions taken are sum, product or subtraction of one or more functions.

Such as, lirr% 5x where we may see 5x is a product of two functions 5 and x. Observed that
X—

the limiting process respects addition, subtraction, multiplication and division. Further, we

can formalize these as theorems as below:

Theorem Let f and g be two functions such that both lim f(x)and lim g(x) exist.

¥ =il X=»il

Then

(i) Limit of sum of two functions is sum of the limits of the functions. i.e.,

lim [fix) + g (x)] = lim flx)+ lim g(x).
X=il

K=l Xo=will

(1i1) Limit of difference of two functions is difference of the limits of the functions, i.e.,

im [fix) — g(x)] = lm fix) - Lm g(x).

X—HI X—a T—HT

(i) Limit of product of two functions is product of the limits of the functions, i.e.,

lm [fix) . g(x)] = lIm fix). lIm g(x).
X—xi

X—xd X—rd
(iv) Limitof quotient of two functions is quotient of the limits of the functions (whenever

the denominator 1s non zero), i.e..

() lim f(x)
lim ] {L_}: ]—> _
e g(x) fims (+)

Let us take some examples on it.
Example: Find the limit of the function f(x) = x? when x tends to 1.
Solution: We can see that the function f (x) = x? is product of the same function x.

Therefore, from above theorem, we say



lim f(x) = limx? = limx.lim x
x—1 x—1 x—1

x-1
limx?=1
x-1

For example: Find the limit of the function f(x) = (x? + 1) when x tends to 1.

Solution: We want to find lirq f(x) where f(x) = (x?+ 1). We can see the above function
X—

is the sum of two functions, that is, x? and 1.
Therefore, from above theorem,

lim(x? + 1) =limx? + lim 1

x—1 x—1 x—1

lirr%(x2 +1)=1+1=2 as ( lim k = k where a is any real number)
X— x—a

Example: Find the limit of the function f(x) = (x® — x?) when x tends to .

Solution: We want to find lim f(x) where f(x) = (x3 — x?). We can see the above
X—-T

function is difference between two functions, that is, x3 and x?.
Therefore, from above theorem, we can say

lim(x3 — x?) = = lim x3 — lim x?
X—>T X—TT X—TT

lim(x3 —x%) = (2 —n?) = m?(w - 1).
X—T

x%+1

Example: Find the limit of the function f(x) = — where x # 0 when x tends to 2.

2
Solution: We want to find lirr% f(x) where f(x) = XTH We can see the above function is
X—

Quotient of two functions, that is, x? + 1 and x.

Therefore, from above theorem, we can say

; 2

limx2+1 = i =2

x—-2 X lim x 2
x-2

Observation: We already know that the limit of a function can be found at a point
where the function is not defined but observe if the point to which the variable tends to
is a point in the domain of the function, then the value of the function at that point is its

limit.

Limits of Polynomial and Rational Functions
Let us now see the limits of special types of functions:

Polynomial Function



A function f is said to be a
polynomial function of degree n fix) = a, + a x + a,x* +. . . + a x",
where as are real numbers such that @ # 0 for some natural number n.

It is very interesting to note that if f(x) = ay + a;x + a,x? + azx3 + - + a,x" is
polynomial function then }Cl_l’)rcll f(x) = f(a).
Justification is quite direst from the algebra of limits or you can see in web links of NCERT
book at page 293
Example: Evaluate

. lim (2 + 2x + 2x? — 5x3)

x--1
s _ 2 s x
1. 5{1_1}111(35(1 +2x—3x2)) + lim e
Solution: We know that when f(x) a polynomial function then, lim f(x) = f(a)
xX—a
(N lim1(2 +2x+2x2—-5x3)=2+2(-1)+2(-1)?-5(-1)>*=2-2+4+2+5
X——

lim (2 + 2x + 2x2 —5x3) =7

x--1

() lim(x(1+2x—3x%)) +lime*=1(1+2-3)+el =e
x—1 x—-1

Rational Function

—

g(x
A function f'is said to be a rational function, if f{x) = n (x) , where g(x) and A(x)

are polynomials such that /(x) # 0. Then

| Cg(x) me(x) g(a)
};lgf]zf(x)_}rlg?: h(x) N lim#(x) B h(a)

X—a

However, if h(a) =0, then here can be two possibilities
» When g(a) #0 and
» When g(a) =0

In the former case we say limit does not exist whereas

In the latter case where lim % takes the form % the limit may

x—a gx
or may not be defined. The determination of limit in such a

case is traditionally referred to as the evaluation of the
indeterminate form % (undetermined or illusionary form). In

such case we try to rewrite the function cancelling the factors




which are causing the limit to be of the form % (either by factorization, rationalization method

or many more).

Example: Find the limits:

(1
(1

Solution:

(1

(1

Example: Evaluate 11m

lim x%2-4
xo2 x3—-4x2+4x

lim x—2 1
¥l x2—x  x3-3x2+2x

Evaluating the function at 2, we get it of the form g

x%-4 . (x+2)(x-2)
Hence, 315153 x3—4X2+4x x>0 x(x—2)2
x? —4 242 4

lim = = —
x02x3 —4x? +4x  2(2—2) 0

Which is not defined.

Evaluating the function at 1, we get it of the form g

Hence, li x—2 1 — i x%—4x+3
xl_I;I} xZ-x  x3-3x2+2x xl_rg x(x—1)(x—2)
x—2 1 o (x=3)x-1)  (x—3)

li = = = =7
*olx? —x X3 —3x2+2x  xol x(x—1D(x—-2) x1x(x—2)

L ox—2 1 o 1-3
ix?—x x—3x2+2x 1(1-2)

x-1 xX—

Solution: When we put x = 0, the expression takes the % form.

Therefore we will try to rewrite the function cancelling the factors which are causing the limit

to be of the form %

We know that x* — 1 can be written as,

x4—1=(x—1)(x3+x2+x+1)

Thus, lim & = lim(x3+x2+x+1)
x-1 X— x—1
x*—1
lim =14+414+14+1=4
x->1 X —

. ox*—1
Hence, lim=—— = 4
x-1 x—1

Observe the above example carefully! Yes, we may notice an important limit as given below:



For any positive integer n,

- X a n—1
lm ——=na
X—ra X—d
The expression in the above theorem for the limit is true even if n is any
rational number and a is positive.

Dividing (x" — a") by (x — a), we see that

X' —a"=(x—a) X'+ x2a+xa+ ...+ xa?+ a!)

* ‘r : ’) -
Thus, Ilm———=1Iim (x*' + x*2a + x"* a*> + ... + x a2 + a*")

x—=a x— x—a

=a""'"+aa?+. ..+ a"? (a) +a™!

=a~'+ a" " +..4a™" + a*' (n terms)

n—
= nda

Example: Evaluate the following

L4
l. lim*=
X+

x—-2 x+2

I, lim 2235

x—>5 x=5
Solution:
Part (I)

Solution: When we put x = 2 the expression takes the form of%

1 1
Now, llm Eal i = xi{g (xi:)ZZx
1
= lm o
1
1
Part (1)

When we put x = 5 the expression takes the form of%

Now. lim 2255 _ i 22522
"x55 x-5 _x—>5 x-5
3
=—(5 1/2
5 (5)

3
=5



4_ 3_1.3
Example: Find the value of k, if lim*— = lim X%

x—1 x—1 x—k x2—k?

Solution:
We have, lim“>—t = 4. ... (1)
x-1 x—1
and lim 2= x XK
x—k Xx—k x“—k
. —K3 . x? L
= chl_r)r}c — )1(1_1)1}1{ — (By algebra of limits)
=3k3 T+ 2k =2k L )
Therefore, from (1) and (2), we get
4 3k
-2
= 8
3
8
Hence, k = -
Problems

Let us have some mixed problems on what we have studied above in this module.

Vi+x—1

X

Question: Evaluate lim
x—-0

Solution: When we put x = 1 the expression takes the form of%

Vitx—1 — lim Vy-1

Now, lim
x—0 X y-1 y—1
- ytr-1
= lim——
y-1 y—l
_1 1 %_1_1
_2() 2

ion: im (== + -
Question: Evaluate 5611121( >+ )

x—2

Solution: we have,




. . xt-4
Question: Evaluate lim ———~—
xoyZ X2+3x\2-8

Solution: When x = /2, the expression assumes the form %

On factorizing the numerator and denominator, we get
lim x4
xVZx2 4+ 3xy/2 -8
(P =2)(x* +2)

= lim

2V (x + 4V2) (x —V2)
~ lim (x —V2)(x +V2)(x% + 2)

VI (x4 4V2)(x —V2)

(x +V2)(x2+2) (2V2)(2+2) 8

xinjf (x + 4\/?) 5v2 5

V9+x2—9-x2
22

Question: Evaluate lim
x-0

Solution: We can see that if we put x = 0, the expression takes the g form.
Therefore, on rationalizing the numerator, we get

V9 +x2 —V9 — x? _lim(\/9+x2—\/9—x2)(\/9+x2+\/9—x2)

lim

x>0 x? x>0 x2 (V9 +x% +/9 — x2)
. 9+ x2 -9+ x? 2 1
= 11im = —_ —
>0x2 (VO +xZ+.,/9-x2) V9++9 3

3—V5+x
Question: Evaluate gcl_r)nl —

Solution: Rationalizing the numerator and denominator, we get

i 3T VS Hx —V5+«x i B—-/5+x)B+/5+x)(1+V5—x)
x>41 -5 —x xa4(1-m)(3+m(1+m)

lim —V5+x — lim 9O-5-x)1++V5—x)
x>41 -5 —x x~4(1_5+x)(3+m

po3-Vhtx —V5+x i ~(x—4)(1+V5-x)
x>41—\5—x % (x—4)3+,/5+x)
—V5+x _—(1+\/Tx) 1

lim - =

xo41 _y5—x xos B+/5+x) 3

mx’+n x<0
Question: If f(x) ={nx+m 0<x<1. For what integers m and n does both

n3d+m x>1
lim f(x) and lim f(x) exist?
x—0 x—1

Solution: It is given that ling f(x) exist. This implies LHL=RHL
X—



(LHL of f(x) at x = 0)
)}i_)r(r)l_f(x) = }li_r)r(l)f(O —h) = }liir(l)m(o —h)?+n=n

(RHL of f(x) at x = 0)
,}l,%lf(x) = }ll_rgf(0+h) = }ll_r)r(l)n(0+h)+m =m

Therefore, lin(} f(x)existifn =m
X—>

Similarly, it is also given that linllf(x) exist. This implies LHL=RHL
X—

(LHLof f(x) atx = 1)
xli_)r{l_f(x) =}li_r)r(1)f(1—h) =}li£r(1)n(1+h)+m=n+m

(RHL of f(x) atx = 1)
. _ . _ . 3 _
J}Lr%f(x) —llll_r)r(l)f(1+h) —Illl_r)r(l)n(1+h) +m=n+m

Therefore, linll f(x) exist for any value of m and n
X—

Hence, ling f(x) and lin} f(x) both exist forn = m
x— xX—

Before ending, let us recall what we have studied in this module

Summary

Left hand limit (LHL): The expected value of the function as dictated by the points
to the left of a point defines the left hand limit of the function at that point.
Right hand limit (RHL): The expected value of the function as dictated by the points
to the right of a point defines the right hand limit of the function at that point.
Limit: Limit of a function at a point is the common value of the left and right hand
limits, if they coincide.
Notation:
» Limit: lim f(x)
xX—a
> LHL: lim f(x)
xX—a
> RHL: lim_f(x)
xX—a
Algebra of Limits: For functions f and g the following holds:
» lim(f(x) £ g(x)) = lim f(x) £ lim g(x)
X—a x—a xX—a
> lim(f(x).g(x)) = lim f(x).lim g(x)
xX—a xX—a xX—a

. (fe0) _ limf()
> lim (g(x)) ~ limg@

xX—->a
Some standard limits

» limk =k where k is any real fixed number
X—a

. xM—am
> lim = na
x-a X—a







