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Introduction 

Branch of mathematics which mainly deals with 

study of change in the value of a function as the 

point in the domain changes. This module is an 

introduction to ‘calculus’ which is a branch of 

mathematics. It deals with the concepts of limits of a 

functions, which is fundamental in understanding the 

concepts of derivatives.  

Limits  

Suppose 𝑓 is a function defined on an interval containing 𝑥 = 𝑎 (Except possibly at 𝑥 = 𝑎). 

Then ‘informally, the limit is the real number L such that 𝑓(𝑥) is arbitrary close to L if 𝑥 is 

chosen to be “sufficiently close to 𝑎” (excluding 𝑥 = 𝑎) 

Note: For a function to have a limit as 𝒙 → 𝒂, it is not necessary that the function be 

defined at the point 𝒙 = 𝒂. When finding the limit we consider the values of the function 

in the neighborhood of the point 𝒂 (very close to the point 𝒂) that are different from 𝒂 

What does that really mean? Let see some functions and study their behavior graphically  

Illustration 1 

 

Facts from history  

• In the history of mathematics 

two names are prominent to 

share the credit for inventing 

calculus, Isaac Newton 

 (1642-1727) and G.W. Leibnitz 

(1646-1717). 



 

        

Also, 

Illustration 2 

 

 

In both the cases above we can see that the limit of function as 𝑥 approaches to some point is 

thought of as the value of the function should assume at that point, that is, the value of the 

function are assumed to be 0 and 4 respectively and is not attaining it as we are moving 𝑥 

closer and closer to the points 0 and 2 

As you can see in this table for illustration 2 

𝑥 1.4 1.5 1.99 2 2.01 2.05 2.2 

𝑓(𝑥) 3.4 3.5 3.99 Not 

defined 

4.01 4.05 4.2 

 

It is interesting to note that in both the illustrations the value which the function should 

assume at a given point 𝑥 = 𝑎 

did not really depend on how 

𝑥 is tending to 𝑎. 

So, we can say! 

Evaluation of Left Hand 

Limit (LHL) and Right 

Hand Limit (RHL) 

 

Facts from history  

• The rigorous concept of 

calculus is mainly attributed to 

the great mathematicians, A.L. 

Cauchy, J.L. Lagrange and Karl 

Weierstrass. Cauchy gave the 

foundation of calculus. Cauchy 

used D’ Alembert’s limit 

concept to define the 

derivative of a function. 



 

There are essentially two ways 𝑥 could approach a number 𝑎 either from left or right, that is, 

all the values of 𝑥 near to 𝑎 could be less than 𝑎 or greater than 𝑎 but very close to 𝑎 .This 

naturally leads to two limits 

❖ The left hand limit  

❖ The right hand limit  

And if these two limits coincides then the common value is known as the limit of the 

function. 

 

 

 Left hand limit (LHL): The expected 

value of the function as dictated by the 

points to the left of a point defines the 

left hand limit of the function at that 

point which we can find by given steps 

in box 

 

Example: Find the left hand limit of the 

function where 𝑓(𝑥) = 𝑥(𝑥 + 1) as 𝑥 tends to 5 

Solution: LHL 

(I) lim
𝑥→5−

𝑓(𝑥) 

(II) lim
𝑥→5−

𝑓(𝑥) = lim
ℎ→0

𝑓(5 − ℎ) 

(III) lim
ℎ→0

𝑓(5 − ℎ) = lim
ℎ→0

(5 − ℎ)(5 − ℎ + 1) = lim
ℎ→0

(ℎ2 − 11ℎ + 30) 

(IV) On simplification we get, lim
𝑥→5−

𝑓(𝑥) = 30 

 

Similarly,  

Right hand limit (RHL): The expected 

value of the function as dictated by the 

points to the right of a point defines the 

right hand limit of the function at that 

point which we can find by given steps 

in box 

 

 

 

Example: Find the right hand limit of the function where 𝑓(𝑥) = 𝑥(𝑥 + 1) as 𝑥 tends to 5 

Solution: RHL 

Steps (Right hand limit) 

❖ Write lim
𝑥→𝑎+

𝑓(𝑥) 

❖ Put 𝑥 = 𝑎 + ℎ and replace 𝑥 → 𝑎+ by ℎ → 0 

To obtain lim
ℎ→0

𝑓(𝑎 + ℎ) 

❖ Simplify lim
ℎ→0

𝑓(𝑎 + ℎ) 

❖ The value obtained is the RHL of the function  

Steps (Left hand limit) 

❖ Write lim
𝑥→𝑎−

𝑓(𝑥) 

❖ Put 𝑥 = 𝑎 − ℎ and replace 𝑥 → 𝑎− by ℎ → 0 

To obtain lim
ℎ→0

𝑓(𝑎 − ℎ) 

❖ Simplify lim
ℎ→0

𝑓(𝑎 − ℎ) 

❖ The value obtained is the LHL of the function  



 
(I) lim

𝑥→5+
𝑓(𝑥) 

(II) lim
𝑥→5+

𝑓(𝑥) = lim
ℎ→0

𝑓(5 + ℎ) 

(III) lim
ℎ→0

𝑓(5 + ℎ) = lim
ℎ→0

(5 + ℎ)(5 + ℎ + 1) = lim
ℎ→0

(ℎ2 + 11ℎ + 30) 

(IV) On simplification we get, lim
𝑥→5+

𝑓(𝑥) = 30 

Hence, as the LHL and RHL coincide. We say that the limit of the function exist and  

lim
𝑥→5

𝑓(𝑥) = 30 

Therefore, in totality 

  

Note: In case left hand limit and right hand limit are 

different. We say limit does not exist. 

Example: Evaluate lim
𝑥→0

𝑓(𝑥) where 𝑓(𝑥) = {
1 𝑥 > 0
0 𝑥 = 0

−1 𝑥 < 0
 

Solution: RHL: lim
𝑥→0+

𝑓(𝑥) = 1 

LHL: lim
𝑥→0−

𝑓(𝑥) = − 1 

But LHL≠RHL. Therefore, limit of the function as x tends to 

zero does not exist (even though the function is defined at 0) 

Let us take some more examples and see what we 

observe 

Example: Find the left hand limit and right hand limit of function  𝑓(𝑥) = 5𝑥 when  𝑥 → 2. 

Check whether lim
𝑥→2

𝑓(𝑥) exists. 

Solution: lim
𝑥→2

𝑓(𝑥), where 𝑓(𝑥) = 5𝑥 

LHL: lim
𝑥→2−

𝑓(𝑥) = lim
ℎ→0

𝑓(2 − ℎ) = lim
ℎ→0

5(2 − ℎ) = 10 

RHL: lim
𝑥→2+

𝑓(𝑥) = lim
ℎ→0

𝑓(2 + ℎ) = lim
ℎ→0

5(2 + ℎ) = 10 

As LHL =RHL =10 

Therefore, lim
𝑥→2

5𝑥 = 10 

Example: Evaluate lim
𝑥→−1

𝑓(𝑥) where 𝑓(𝑥) = {
𝑥 + 5 𝑥 ≠ −1

0 𝑥 = −1
 

Solution: we have to find lim
𝑥→−1

𝑓(𝑥) 

 



 

LHL: lim
𝑥→−1−

𝑓(𝑥) =  lim
ℎ→0

𝑓(−1 − ℎ) = lim
ℎ→0

(−1 − ℎ) + 5 = 4 

RHL: lim
𝑥→−1+

𝑓(𝑥) =  lim
ℎ→0

𝑓(−1 + ℎ) = lim
ℎ→0

(−1 + ℎ) + 5 = 4 

As LHL =RHL =4 

Therefore, lim
𝑥→−1

𝑓(𝑥) = 4 

From the above examples we can make following observations between the value of a 

function at a point and the limit at that point, i.e., if 𝑓(𝑥) be a function and 𝑎 be a point then 

we have following possibilities 

➢ lim
𝑥→𝑎

𝑓(𝑥) exists but 𝑓(𝑎) does not exist 

(𝑓(𝑎) 𝑚𝑒𝑎𝑛𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓(𝑥)  𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑎) 

➢ The value 𝑓(𝑎) exists but lim
𝑥→𝑎

𝑓(𝑥) does not exist 

➢ lim
𝑥→𝑎

𝑓(𝑥) and 𝑓(𝑎) both exist but may or may not be equal 

Algebra of limits  

Also, notice that the functions taken are sum, product or subtraction of one or more functions. 

Such as, lim
𝑥→2

5𝑥  where we may see 5𝑥 is a product of two functions 5 and 𝑥. Observed that 

the limiting process respects addition, subtraction, multiplication and division. Further, we 

can formalize these as theorems as below:   

 

 

Let us take some examples on it. 

Example: Find the limit of the function  𝑓(𝑥) = 𝑥2 when 𝑥 tends to 1. 

Solution: We can see that the function 𝑓(𝑥) = 𝑥2 is product of the same function 𝑥. 

Therefore, from above theorem, we say  



 

lim
𝑥→1

𝑓(𝑥) = lim
𝑥→1

𝑥2 =  lim
𝑥→1

𝑥 . lim
𝑥→1

𝑥 

lim
𝑥→1

𝑥2 =  𝟏 

 

For example: Find the limit of the function  𝑓(𝑥) = (𝑥2 + 1) when 𝑥 tends to 1. 

Solution: We want to find lim
𝑥→1

𝑓(𝑥)  where  𝑓(𝑥) = (𝑥2 + 1). We can see the above function 

is the sum of two functions, that is,  𝑥2 𝑎𝑛𝑑 1. 

Therefore, from above theorem, 

lim
𝑥→1

(𝑥2 + 1) = lim
𝑥→1

𝑥2 + lim
𝑥→1

1 

lim
𝑥→1

(𝑥2 + 1) = 1 + 1 = 𝟐                                 𝑎𝑠 (  lim
𝑥→𝑎

𝑘 = 𝑘 𝑤ℎ𝑒𝑟𝑒 𝑎 𝑖𝑠 𝑎𝑛𝑦 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟) 

 

Example: Find the limit of the function  𝑓(𝑥) = (𝑥3 − 𝑥2) when 𝑥 tends to 𝜋. 

Solution: We want to find lim
𝑥→𝜋

𝑓(𝑥)  where  𝑓(𝑥) = (𝑥3 − 𝑥2). We can see the above 

function is difference between  two functions, that is,   𝑥3 𝑎𝑛𝑑 𝑥2. 

Therefore, from above theorem, we can say  

lim
𝑥→𝜋

(𝑥3 − 𝑥2) = = lim
𝑥→𝜋

𝑥3 − lim
𝑥→𝜋

𝑥2 

lim
𝑥→𝜋

(𝑥3 − 𝑥2) = (𝜋3 − 𝜋2) =  𝝅𝟐(𝝅 − 𝟏).     

 

Example: Find the limit of the function  𝑓(𝑥) =  
𝑥2+1

𝑥
   𝑤ℎ𝑒𝑟𝑒 𝑥 ≠ 0  when 𝑥 tends to 2. 

Solution: We want to find lim
𝑥→2

𝑓(𝑥)  where  𝑓(𝑥) =
𝑥2+1

𝑥
. We can see the above function is 

Quotient of two functions, that is, 𝑥2 + 1 𝑎𝑛𝑑 𝑥. 

Therefore, from above theorem, we can say     

lim
𝑥→2

𝑥2+1

𝑥
=  

lim
𝑥→2

𝑥2+1

lim
𝑥→2

𝑥
=  

𝟓

𝟐
 

Observation: We already know that the limit of a function can be found at a point 

where the function is not defined but observe if the point to which the variable tends to 

is a point in the domain of the function, then the value of the function at that point is its 

limit. 

 

 

Limits of Polynomial and Rational Functions 

Let us now see the limits of special types of functions: 

Polynomial Function  



 

 

It is very interesting to note that if 𝑓(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯ + 𝑎𝑛𝑥𝑛 is 

polynomial function then lim
𝑥→𝑎

𝑓(𝑥) = 𝑓(𝑎). 

Justification is quite direst from the algebra of limits or you can see in web links of NCERT 

book at page 293 

Example: Evaluate  

I. 𝐥𝐢𝐦
𝒙→−𝟏

(𝟐 + 𝟐𝒙 + 𝟐𝑥2 − 𝟓𝑥3) 

II. 𝐥𝐢𝐦
𝒙→𝟏

(𝒙(𝟏 + 𝟐𝒙 − 𝟑𝑥2)) + 𝐥𝐢𝐦
𝒙→𝟏

𝒆𝒙 

Solution: We know that when 𝑓(𝑥) a polynomial function then, lim
𝑥→𝑎

𝑓(𝑥) = 𝑓(𝑎)  

(I) lim
𝑥→−1

(2 + 2𝑥 + 2𝑥2 − 5𝑥3) = 2 + 2(−1) + 2(−1)2 − 5(−1)3 = 2 − 2 + 2 + 5 

lim
𝑥→−1

(2 + 2𝑥 + 2𝑥2 − 5𝑥3) = 7 

 

(II) lim
𝑥→1

(𝑥(1 + 2𝑥 − 3𝑥2)) + lim
𝑥→1

𝑒𝑥 = 1(1 + 2 − 3) + 𝑒1 = 𝑒 

 

Rational Function 

 

However, if ℎ(𝑎) =0, then here can be two possibilities  

➢ When 𝑔(𝑎) ≠0 and  

➢ When 𝑔(𝑎) =0 

In the former case we say limit does not exist whereas 

In the latter case where  lim
𝑥→𝑎

𝑓(𝑥)

𝑔(𝑥)
 takes the form  

0

0
 the limit may 

or may not be defined. The determination of limit in such a 

case is traditionally referred to as the evaluation of the 

indeterminate form 
0

0
 (undetermined or illusionary form). In 

such case we try to rewrite the function cancelling the factors 

Facts: 

There are in total 7 

indeterminate forms, 

namely, 

❖ 
0

0
 

❖ 
∞

∞
 

❖ 0 × ∞ 

❖ ∞ − ∞ 

❖ 00 

❖ ∞0 

❖ 1∞ 

 



 

which are causing the limit to be of the form 
0

0
 (either by factorization, rationalization method 

or many more). 

Example: Find the limits: 

(I) 𝐥𝐢𝐦
𝒙→𝟐

𝒙𝟐−𝟒

𝒙𝟑−𝟒𝒙𝟐+𝟒𝒙
 

(II) 𝐥𝐢𝐦
𝒙→𝟏

𝒙−𝟐

𝒙𝟐−𝒙
−

𝟏

𝒙𝟑−𝟑𝒙𝟐+𝟐𝒙
 

Solution:  

(I) Evaluating the function at 2, we get it of the form 
0

0
 

Hence, lim
𝑥→2

𝑥2−4

𝑥3−4𝑥2+4𝑥
= lim

𝑥→2

(𝑥+2)(𝑥−2)

𝑥(𝑥−2)2
 

lim
𝑥→2

𝑥2 − 4

𝑥3 − 4𝑥2 + 4𝑥
=  

2 + 2

2(2 − 2)
=

4

0
 

Which is not defined. 

(II) Evaluating the function at 1, we get it of the form 
0

0
 

Hence, lim
𝑥→1

𝑥−2

𝑥2−𝑥
−

1

𝑥3−3𝑥2+2𝑥
=  lim

𝑥→1

𝑥2−4𝑥+3

𝑥(𝑥−1)(𝑥−2)
 

lim
𝑥→1

𝑥 − 2

𝑥2 − 𝑥
−

1

𝑥3 − 3𝑥2 + 2𝑥
=  lim

𝑥→1

(𝑥 − 3)(𝑥 − 1)

𝑥(𝑥 − 1)(𝑥 − 2)
=  lim

𝑥→1

(𝑥 − 3)

𝑥(𝑥 − 2)
 

lim
𝑥→1

𝑥 − 2

𝑥2 − 𝑥
−

1

𝑥3 − 3𝑥2 + 2𝑥
=

1 − 3

1(1 − 2)
= 2 

 

Example: Evaluate 𝐥𝐢𝐦
𝒙→𝟏

𝒙𝟒−𝟏

𝒙−𝟏
 

Solution: When we put 𝑥 = 0, the expression takes the 
0

0
 form.  

Therefore we will try to rewrite the function cancelling the factors which are causing the limit 

to be of the form  
0

0
 

We know that 𝑥4 − 1 can be written as, 

𝑥4 − 1 = (𝑥 − 1)(𝑥3 + 𝑥2 + 𝑥 + 1) 

Thus, lim
𝑥→1

𝑥4−1

𝑥−1
=  lim

𝑥→1
(𝑥3 + 𝑥2 + 𝑥 + 1) 

lim
𝑥→1

𝑥4 − 1

𝑥 − 1
=  1 + 1 + 1 + 1 = 4 

Hence, lim
𝑥→1

𝑥4−1

𝑥−1
= 4 

Observe the above example carefully! Yes, we may notice an important limit as given below:   



 

 

 

Example: Evaluate the following  

I. 𝐥𝐢𝐦
𝒙→𝟐

𝟏

𝒙
+

𝟏

𝟐

𝒙+𝟐
 

II. 𝐥𝐢𝐦
𝒙→𝟓

𝒙√𝒙−𝟓√𝟓

𝒙−𝟓
 

Solution:  

Part (I) 

Solution: When we put 𝑥 = 2 the expression takes the form of 
0

0
 

Now, lim
𝑥→2

1

𝑥
+

1

2

𝑥+2
= lim

𝑥→2

𝑥+2

(𝑥+2)2𝑥
 

                               = lim
𝑥→2

1

2𝑥
 

                               =
𝟏

𝟒
 

Part (II) 

When we put 𝑥 = 5 the expression takes the form of 
0

0
 

Now, lim
𝑥→5

𝒙√𝒙−𝟓√𝟓

𝒙−𝟓
= lim

𝑥→5

𝒙𝟑/𝟐−𝟓𝟑/𝟐

𝑥−5
 

                               =
3

2
(5)1/2 

                               =
𝟑

𝟐
√𝟓 

 



 

Example: Find the value of 𝒌, if 𝐥𝐢𝐦
𝒙→𝟏

𝒙𝟒−𝟏

𝒙−𝟏
= 𝐥𝐢𝐦

𝒙→𝒌

𝒙𝟑−𝒌𝟑

𝒙𝟐−𝒌𝟐
 

Solution:   

We have, lim
𝑥→1

𝑥4−1

𝑥−1
= 4……….(1) 

and lim
𝑥→𝑘

𝑥3−𝑘3

𝑥−𝑘
×

𝑥−𝑘

𝑥2−𝑘2
 

= lim
𝑥→𝑘

𝑥3−𝑘3

𝑥−𝑘
÷ lim

𝑥→𝑘

𝑥2−𝑘2

𝑥−𝑘
            (By algebra of limits) 

= 3𝑘3−1 ÷ 2𝑘2−1 =
3

2
𝑘 ………(2) 

Therefore, from (1) and (2), we get  

4 =
3𝑘

2
 

𝑘 =
8

3
 

Hence, 𝑘 =
8

3
 

 

Problems  

Let us have some mixed problems on what we have studied above in this module. 

 

Question: Evaluate 𝐥𝐢𝐦
𝒙→𝟎

√𝟏+𝒙−𝟏

𝒙
 

Solution: When we put 𝑥 = 1 the expression takes the form of 
0

0
 

Now, lim
𝑥→0

√1+𝑥−1

𝑥
= lim

𝑦→1

√𝑦−1

𝑦−1
 

                               = lim
𝑦→1

𝑦1/2 − 1

𝑦 − 1
 

                               =
1

2
(1)

1
2

−1 =
𝟏

𝟐
 

 

Question: Evaluate 𝐥𝐢𝐦
𝒙→𝟐

(
𝟐

𝟒−𝒙𝟐
+

𝟏

𝒙−𝟐
) . 

Solution: we have,  

= lim
𝑥→2

(
4

4 − 𝑥2
+

1

𝑥 − 2
) 

= lim
𝑥→2

(
4 − (2 + 𝑥)

4 − 𝑥2
) 

= lim
𝑥→2

(
2 + 𝑥

4 − 𝑥2
) 

= lim
𝑥→2

(
1

2+𝑥
) = 

𝟏

𝟒
 

 



 

Question: Evaluate 𝐥𝐢𝐦
𝒙→√𝟐

𝒙𝟒−𝟒

𝒙𝟐+𝟑𝒙√𝟐−𝟖
 

Solution: When  𝑥 = √2, the expression assumes the form 
0

0
 

On factorizing the numerator and denominator, we get  

lim
𝑥→√2

𝑥4 − 4

𝑥2 + 3𝑥√2 − 8
 

= lim
𝑥→√2

(𝑥2 − 2)(𝑥2 + 2)

(𝑥 + 4√2)(𝑥 − √2)
 

= lim
𝑥→√2

(𝑥 − √2)(𝑥 + √2)(𝑥2 + 2)

(𝑥 + 4√2)(𝑥 − √2)
 

= lim
𝑥→√2

(𝑥 + √2)(𝑥2 + 2)

(𝑥 + 4√2)
=

(2√2)(2 + 2)

5√2
=

𝟖

𝟓
 

 

Question: Evaluate 𝐥𝐢𝐦
𝒙→𝟎

√𝟗+𝒙𝟐−√𝟗−𝒙𝟐

𝒙𝟐  

Solution: We can see that if we put 𝑥 = 0, the expression takes the 
0

0
 form. 

Therefore, on rationalizing the numerator, we get  

lim
𝑥→0

√9 + 𝑥2 − √9 − 𝑥2

𝑥2
= lim

𝑥→0

(√9 + 𝑥2 − √9 − 𝑥2)(√9 + 𝑥2 + √9 − 𝑥2)

𝑥2 (√9 + 𝑥2 + √9 − 𝑥2)
 

                                             = lim
𝑥→0

9 + 𝑥2 − 9 + 𝑥2

𝑥2 (√9 + 𝑥2 + √9 − 𝑥2)
=

2

√9 + √9
=

𝟏

𝟑
 

Question: Evaluate  𝐥𝐢𝐦
𝒙→𝟒

𝟑−√𝟓+𝒙

𝟏−√𝟓−𝒙
. 

Solution: Rationalizing the numerator and denominator, we get 

lim
𝑥→4

3 − √5 + 𝑥

1 − √5 − 𝑥
= lim

𝑥→4

(3 − √5 + 𝑥)(3 + √5 + 𝑥)(1 + √5 − 𝑥)

(1 − √5 − 𝑥)(3 + √5 + 𝑥)(1 + √5 − 𝑥)
 

lim
𝑥→4

3 − √5 + 𝑥

1 − √5 − 𝑥
= lim

𝑥→4

(9 − 5 − 𝑥)(1 + √5 − 𝑥)

(1 − 5 + 𝑥)(3 + √5 + 𝑥)
 

lim
𝑥→4

3 − √5 + 𝑥

1 − √5 − 𝑥
= lim

𝑥→4

−(𝑥 − 4)(1 + √5 − 𝑥)

(𝑥 − 4)(3 + √5 + 𝑥)
 

lim
𝑥→4

3 − √5 + 𝑥

1 − √5 − 𝑥
= lim

𝑥→4

−(1 + √5 − 𝑥)

(3 + √5 + 𝑥)
= −

𝟏

𝟑
 

Question: If 𝒇(𝒙) = {
𝒎𝒙𝟐 + 𝒏 𝒙 < 𝟎
𝒏𝒙 + 𝒎 𝟎 ≤ 𝒙

𝒏𝒙𝟑 + 𝒎 𝒙 > 𝟏

≤ 𝟏 . For what integers 𝒎 and 𝒏 does both 

𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙) and 𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙) exist? 

Solution: It is given that 𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙) exist. This implies LHL=RHL 



 

(LHL of 𝑓(𝑥) 𝑎𝑡 𝑥 = 0) 

lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

𝑓(0 − ℎ) = lim
ℎ→0

𝑚(0 − ℎ)2 + 𝑛 = 𝑛                

(RHL of 𝑓(𝑥) 𝑎𝑡 𝑥 = 0) 

lim
𝑥→0+

𝑓(𝑥) = lim
ℎ→0

𝑓(0 + ℎ) = lim
ℎ→0

𝑛(0 + ℎ) + 𝑚 = 𝑚       

Therefore, 𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙) exist if 𝑛 = 𝑚  

Similarly, it is also given that 𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙) exist. This implies LHL=RHL 

(LHL of 𝑓(𝑥) 𝑎𝑡 𝑥 = 1) 

lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

𝑓(1 − ℎ) = lim
ℎ→0

𝑛(1 + ℎ) + 𝑚 = 𝑛 + 𝑚              

(RHL of 𝑓(𝑥) 𝑎𝑡 𝑥 = 1) 

lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

𝑓(1 + ℎ) = lim
ℎ→0

𝑛(1 + ℎ)3 + 𝑚 = 𝑛 + 𝑚     

Therefore, 𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙) exist for any value of  𝑚 𝑎𝑛𝑑 𝑛  

Hence, lim
𝑥→0

𝑓(𝑥) and lim
𝑥→1

𝑓(𝑥) both exist for 𝑛 = 𝑚 

Before ending, let us recall what we have studied in this module  

Summary 

• Left hand limit (LHL): The expected value of the function as dictated by the points 

to the left of a point defines the left hand limit of the function at that point. 

• Right hand limit (RHL): The expected value of the function as dictated by the points 

to the right of a point defines the right hand limit of the function at that point. 

• Limit: Limit of a function at a point is the common value of the left and right hand 

limits, if they coincide. 

• Notation: 

➢ Limit: lim
𝑥→𝑎

𝑓(𝑥) 

➢ LHL: lim
𝑥→𝑎−

𝑓(𝑥) 

➢ RHL: lim
𝑥→𝑎+

𝑓(𝑥) 

• Algebra of Limits: For functions 𝑓 𝑎𝑛𝑑 𝑔 the following holds: 

➢ lim
𝑥→𝑎

(𝑓(𝑥) ± 𝑔(𝑥)) = lim
𝑥→𝑎

𝑓(𝑥) ± lim
𝑥→𝑎

𝑔(𝑥) 

➢ lim
𝑥→𝑎

(𝑓(𝑥). 𝑔(𝑥)) = lim
𝑥→𝑎

𝑓(𝑥). lim
𝑥→𝑎

𝑔(𝑥) 

➢ lim
𝑥→𝑎

(
𝑓(𝑥)

𝑔(𝑥)
) =  

lim
𝑥→𝑎

𝑓(𝑥)

lim
𝑥→𝑎

𝑔(𝑥)
 

• Some standard limits  

➢ lim
𝑥→𝑎

𝑘 =  𝑘                     𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎𝑛𝑦 𝑟𝑒𝑎𝑙 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 

➢ lim
𝑥→𝑎

𝑥𝑛−𝑎𝑛

𝑥−𝑎
=  𝑛𝑎𝑛−1 



 

 


