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1. Introduction: From earlier classes you are quite familiar with solar system and know that

planets move around sun in elliptical orbits.

If we take a circle made up of thick wire and stretch it out as shown below,



or press it inside from top and bottom as shown,

1

The circle deforms and takes the shape of an ellipse,

You have learnt in previous module on conic section that if a plane cuts a double cone at an
angle B such that, a < p < 90°, the section is an ellipse, where, a is the semi vertical angle of the

cone.



Again, if we find locus of a point which moves in a plane such that its distance from a fixed
point in the plane bears a constant ratio with its distance from a fixed straight line in the same

plane, then the curve so obtained is ellipse, if the ratio is less than one.
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The fixed point is called focus and the fixed straight line is known as directrix. Ellipse has two
foci and two directrices.
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We have a remarkable property in ellipse, the sum of the distances of a point P moving on an

ellipse, from to fixed points in the same plane is always constant.



Moving point

P S1+ P S:2=constant

This property can be demonstrated through a simple experiment, Fasten a piece of string between
two pins pressed into a board (the string to be taken longer than the distance between the pins).

Move the pencil tip around, keeping the string tight, the path that is traced out by the pencil will
be an ellipse.

Definition:
An ellipse is the set of all points in a plane, the sum of whose distances from two fixed points in
the plane is a constant.



P.F,+PF,=PF +PF,=PF+PF,
ST =PF+PF,

The two fixed points are called the foci of the ellipse. Foci is the plural of ‘focus’.

Note:

The constant which is the sum of the distances of a point on the ellipse from the two fixed points
is always greater than the distance between the two fixed points.

The mid-point of the line segment joining the foci is called the centre of the ellipse.

minor axis

.

Vertex

The line segment through the foci of the ellipse is called the major axis and the line segment
through the centre and perpendicular to the major axis is called the minor axis. The end points of
the major axis are called the vertices of the ellipse.

We denote the length of the major axis by 2a, the length of the minor axis by 2b and the distance

between the foci by 2c, as shown below.



Thus, the length of the semi major axis is ‘a’ and semi-minor axis is ‘b’.

1 Semi-minor axis

Semi-major axis

Relationship between semi-major axis, semi-minor axis and the distance of the focus from
the centre of the ellipse:
Take a point P at one end of the major axis.

[bz_,_cz o ,sz_,_cz

Sum of the distances of the point P to the foci is



F1 P+ FoP = (F10 + OP) + (OP — OF»)
=(c+ta)+(@a-c)=2a ... (1)
Take a point Q at one end of the minor axis. Sum of the distances from the point Q to the foci =

F1Q + F2Q

[ 2 - - 9
B+ B
ZW"E?? + ¢’

Since both P and Q lie on the ellipse. Therefore, according to definition

of ellipse, both the distances, (i) and (ii) should be equal, hence, we have

2,/b* +¢" = 2a

a=,b* + ¢’
Or v
Squaring, a?=b%+c?
Or ¢ =+Va? — b?

2. Special cases of an ellipse:
In the equation,
c?=a?—b?

if we keep ‘@’ fixed and vary ‘c’ from 0 to a,
then ‘b’ will vary from a to 0 and shape of the resulting ellipses will vary.
Case I:
When ¢ = 0, distance between the foci will be zero i.e., both the foci will merge together with
the centre of the ellipse and we will get,

a’=b? ie., a=b,
and thus the ellipse becomes a circle. So, we can say that a circle is a special case of an ellipse,

when length of major axis is equal to the length of minor axis.



Case Il:
When ¢ = a, we get b =0, i.e., length of semi-minor axis is zero. The ellipse reduces to the line

segment F1F joining the two foci.
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3. Eccentricity:
The ratio 2 is called the eccentricity of the ellipse, it is denoted e,

Thus, e = 2
Hence, the eccentricity of an ellipse is the ratio of the distances from the centre of the ellipse to
one of the foci and to one of the vertices of
the ellipse.
Focus is at a distance of ¢ from the centre, therefore, in terms of the eccentricity the focus is at a
distance of ‘ae’ from the centre.
Again, in the introduction, we have seen that ellipse is the locus of a point which moves in a
plane such that its distance from a fixed point in the plane (focus) bears a constant ratio to its
distance from a fixed straight line in the same plane (directrix), if the ratio is less than one.
This ratio is eccentricity of the ellipse which is always less than unity.

e=§<1 =>c<a

4. Standard equations of an ellipse:
The equation of an ellipse is simplest if the centre of the ellipse is at the origin and the foci are

on one of the coordinate axes. The two such possible ellipses are shown below;



@) Foci on x-axis
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Let us derive the equation for the ellipse with foci on the x-axis and centre of the ellipse at

origin. Let F1 and F> be the foci and O be the mid-point of the line segment F1F».
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P (xl V)

F1 (c.0) 0 [0 F2 0

Let us take O as origin and the line from O through F be the positive x-axis and that through F1
as the negative x-axis. Let, the line through O perpendicular to the x-axis be the y-axis.
Coordinates of F1 be (— ¢, 0) and that of F> be (c, 0).
Let P(X, y) be any point on the ellipse and the sum of the distances of point P from the two foci
be 2a, then, as per the definition of ellipse, we have,

PF1 + PF, = 2a .. (1)

Using the distance formula, we have,

JE+e)? +y° + «J{x ~¢)’+y =2a

wf(x +¢) +y? = 2a- \f(.r— )+

Squaring both the sides we get,

(x + ) + ¥y =4a’ — da ,J(x ) + 9y + (x—c) +y°

on simplification we get,

a - ¢
Ja=ol+y =a-—x
a

Again squaring both the sides, we get,



(x+ O +y2 = 4a— day[(r — O )7+ (x— O + Y7

or X* —2cx + c?+y? =a’—2ex + (Cx )
2

or X2 +c?+y?=al+ S
a

or (@ —c?) x®+a’c? +a’y? =a

or (@2 —c?) x®+a’y? =a* — a?c?

or (%> —cH) x?+a’y? =a? (a? — c?)

dividing both the sides by a2 (a? — ¢?), we get,

2
or ~+L =1 (B=a2-h?)

_.};,? = 2 1-—

From the following figure we have,
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Therefore, PF,= \[({x+ )’ +y’

= \/(Jc+ c)’ + b* [a—

2

2 2
= \/(I—I—c}z—k(a?—c?}{a _f ] (v PP=a’-c?)

Further simplifying we get,

\/(x+c)2+(1—2—2)(x2—62)

242
\/(x2+20x+cz)+(a2—x2—cz+cx

a?

)



Similarly,

C
PFl = d—X
a (5)
Adding (4) and (5), we get,
c C
PFi+PF,= a+—x+a——x
a a
=2a ©)
Which is true as per our definition of ellipse, so any point that satisfies the equation,
2 2
X
— + y,j =1,
a 2

lies on the ellipse, thus the equation of an ellipse with centre at origin

and major axis along the x-axis is,

L]
[

5. Special cases of ellipse:

From the above equation of the ellipse, it is clear that for every point P (X, y) on the ellipse, we

have,
2 2
* =1 Y <
D T
a b
. 2 2 — = <
ie. X< a or 4= x> a

Therefore, the ellipse lies between the lines x =—a and x =a and touches these lines.

Similarly above equation can be written as,

=
b a’



y < b -b< x<bh

ie. or

Thus, the ellipse lies between the lines x = — b and x = b and touches these lines.

Similarly, we can derive the equation of the ellipse, if its major axis is along y-axis, i.e., if the
foci of the ellipse are on y-axis,

The ellipse with major axis along y-axis is shown below,

v
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Proceeding as above, we get the equation of the ellipse as,

X 2 }rE

b_2+a3

Equations (2) and (7) are as standard equations of the ellipses.

Note:
The standard equations of ellipses have centre at the origin and the major and minor axes along

coordinate axes. In other words, the foci of the ellipse are on one of the coordinate axis.

Observations:

From the standard equations of the ellipses, we have the following observations:



1) Ellipse is symmetric with respect to both the coordinate axes,

if (x, y) is a point on the ellipse, then (- X, y), (x, —y) and (- x, —y) are also points on the ellipse.
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2) The foci always lie on the major axis. The major axis is along x-axis if the coefficient of
x? has larger denominator and it is along the y-axis if the coefficient of y? has larger

denominator.

Example:
Ellipse,
pa 2
x ]
x LY
36 16
has major axis along x-axis, because x? has larger denominator and

ellipse,

2 2
X ¥

425

has major axis along y-axis, because denominator of y? is greater.

|

6. Latus rectum:



Latus rectum of an ellipse is a line segment perpendicular to the major axis passing through any
of the foci and whose end points lie on the ellipse.

To find the length of the latus rectum of the ellipse,

’ /1‘
[ Y\
Latus Rectum

As per the definition given above, line-segments AB and CD are latus rectum of the ellipse, let
us find their lengths.
We know that ellipse is symmetrical about both the coordinate axes, therefore,
Length of latus rectum CD = Length of latus rectum AB

= 2(AF,)
Let the length of line segment AF> be I, since point A lies on the ellipse, therefore, coordinates of
point A will be (c, | ). We have seen earlier that ‘c = ae’, hence, coordinates of point A will be
(ae, 1),
Equation of the ellipse is,

[

bt

au| HN
_|_
oy

Hence, we get,



(ae)* I?
n + — =1
a’ b
Solving we get,
P=b(1-¢?
2_::'2 _az—bg 1 b’
But S S
a a a
b4 2
Therefore P=—, ie, l=—
a a

Ellipse is symmetric with respect to y-axis,
Therefore, AF; =F;B

So length of the latus rectum = 2|

7. Examples

Examples

Find the equation of the ellipse, the ends of whose major axis are
(x 3, 0) and the ends of whose minor axis are (0, £2).

Solution:

From the question it is clear that major axis of the ellipse is along x-axis, let the required
equation of the ellipse be,

I'\-E::I\-\.':

5]
Il
—

gu| Hm
+
By

(where a2 > b?)



The end points of major axis are (x a, 0) and the end points of minor axis are (0, = b), comparing
with the question we get,
a=3 and b=2,

therefore, required equation of the ellipse is, —+==

Example:
Find the coordinates of the foci, the vertices, the length of major axis, the minor axis, the

eccentricity and the length of the latus rectum of the ellipse.

2 2
Xy

— 4 —=]
49 36

Solution:

Since denominator of Z—; is larger than the denominator of g—z the major axis is along the x-axis.

Comparing the given equation with equation,

L]
[

S )
a b
We get, a?=49, b? =36, therefore, a=7and b= 6,
c=Va%z—b2=+49-36=+13

Coordinates of the foci are: (- ¢, 0) and (c, 0),

i.e., (v13, 0) and (—13,0)
Coordinates of the vertices are: (—a, 0) and (a, 0),

ie., (=7,0)and(7,0)
Length of the major axis = 2a = 14,

Length of the minor axis = 2b =12,

c _ V13
a 7

Eccentricity =

2b% _ 2x36
Latus rectum = = = ><7

72

Example:

Find equation of the ellipse whose vertices are (0, + 13) and foci are



(0, £ 5).
Solution:
Since the vertices are on y-axis, the equation will be of the form
I2 1}2
—+—==1
bz az where a is the semi-major axis,
Therefore, a=13,
Coordinate of foci are (0, + 5), therefore, ¢ =5,
We know that, ¢ =a?—b?,
Hence, 25 =169 — b?,
e, b?=144 or b=12
Substituting the values, the required equation of the ellipse is,

Example:
Find the equation of the ellipse, whose length of the minor axis is 16 and foci are (0,  6).
Solution:
Since the foci are on y-axis, the major axis is along the y-axis. So, equation of the ellipse is of
the form,
2 2
X V
b a where a is the semi-major axis,

Length of the minor axis is given equal t016,
_16 _
b=—=8,
Foci are (0, = 6), therefore, ¢ = 6,
We know that, ¢ =a?—b?
Hence, 36=a’-64 or a’=100

Therefore, the equation of the ellipse is,

Example:



Find equation of the ellipse whose centre is at (0, 0), the length of minor axis is 4 and which
passes through the point (2, 1).

Solution:
Since centre of the ellipse is at (0, 0), let the equation of the required ellipse be,

bk
[

B .
a b

given that the length of minor axis is 4, therefore, b =2,

the required ellipse passes through the point (2, 1), therefore

2 =1,

from equation (i), we have,

22 12
atz=1
. 4
Solving we get,a = 7
Substituting the values in equation (1), the required equation of

the ellipse is,

Example:
Find equation of the ellipse with centre at (0, 0), the major axis along y-axis and which passes

through the points (3, 2) and (1, 6).

Solution:
Since major axis of the ellipse is along y-axis, the equation will be of the form
2 2
X y
b A~ (i)

(where a2 >b2)
Since, the ellipse passes through the points (3, 2) and (1, 6),

These coordinates will satisfy equation (i), hence we get,

2 2
> +Z =1 o 24 =1 i, (ii)

bz = a2 bz = a2

12 62_1 or 1, 36

b2 a2 b2 a2

and



solving (i) and (ii), we get,

1 1 1 1
— =—an - =
a? 40adb2 10’

Hence, the required equation of the ellipse is,

or a2=40 and b2 =10,

8. Summary:

1. An ellipse is the set of all points in a plane, the sum of whose distances from two fixed
points in the plane is a constant.

2. Ellipse is a conic section, obtained from a cone, when it is cut by a plane making an angle
B with its axis, such that, o < p <90°, where, a is the semi vertical angle of the cone.

3. Ellipse is the locus of a point which moves in a plane such that its distance from a fixed
point in the plane bears a constant ratio to its distance from a fixed straight line in the
same plane and the ratio is less than one. This ratio is the eccentricity of the ellipse.

4. The eccentricity of an ellipse is also the ratio between the distances from the centre of the
ellipse to one of the foci and to one of the vertices of the ellipse.

5. The equation of an ellipse with foci on the x-axis is

2 y"

_2 + _,:l = ] ’
a b”

6. The equation of an ellipse with foci on the y-axis is

2 2

X y [
22 2

b” a

7. Latus rectum of an ellipse is a line segment perpendicular to the major axis through any
of the foci, whose end points lie on the ellipse.
8. Length of the latus rectum of the ellipse
2 2

x oy

a b

2 =1

2b?



