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Example 1: Prove by mathematical induction 2n+1< 2", for all natural numbersn >3 .
Solution:
Let P(n) be the given statement, i.e.,
P(n): 2n+1 <2"forn >3
Forn = 3, P(3): 2x3+1 < 2°
i.e.,, 7 <8, which is true

Assume that P(n) is true for some positive integer k, i.e.,

P(k) : (2k+1) < 2"+ (1)
We shall now prove that P(k+1) is true, i.e.,
P(k+1): 2(k+1) +1 < 2! (2)

Now, 2(k+1)+1= 2k+3
= (2k+1)+2

<2K+2 < 2(2% =2
Hence, 2(k+1) + 1< 2!
Thus, P(k+1) is true whenever P(k) is true.

Hence, from the principle of mathematical induction, the statement P(n) is true for all n.

Example 2: Prove by induction, that x*"— y* is divisible by (x+y) where x,y are distinct real
numbers forall n € N.
Solution:
Let P(n) be the given statement, i.e.,
P(n): x*"— y*" is divisible by (x+y)
P(1): x*—y?* = (x-y)(x+y) which is divisible by (x+y)
Hence P(1) is true.
Assume that P(k) is true, i.e.,

P(k): x**— y** is divisible by (x+y) (1)

We shall now prove that P(k+1) is true, i.e.,

P(k+1): x**V — y?&D jg divisible by (x+y)____ (2)
kg2 y2k v
= X2 X2 yPxit yRx? oy oy

Now, let us consider the expression: x



= x* (x*= y" )+ yH(x-y)(xty)
Since, the expression x* (x**~ y*) is divisible by (x+y) [using (1)] and y*( x—y)(x+y) is divisible
by (x+y), therefore, P(k+1) is true whenever P(k) is true

Hence, by principle of mathematical induction, P(n) is true foralln € N.
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Example 3: By mathematical induction, prove that E+§+E is a positive integer for all
n € N.
Solution:
n’> n’ 7n
Let P(n) be the statement: E+ §+1—5 is a positive integer

1 1 7x1_1.1 7
—t—t—==+—+—
5 3 15 5 3 15

Hence P(1) is true.

P(1): = 1 which is a positive integer

Assume that P(k) is true i.e.,
P (k):—+—+—5 is a positive integer (1)

We shall now prove that P(k+1) is true, i.e.,

5 3
Pik]:(*K-l-l] +(K+1) +7(K+1) is a positive integer.
5 3 15
, ; .
Now, let us consider the expression, K+1) +(K+1) +7[\K+1)
5 3 15
_ k5+5k4+10k3+10k2+5k+1+k3+3k2+3k+1+7k+7
5 3 15
5 3
- (KL T HE 2K +2 K +k+ K +k )+ 1,1, 7
5 3 15 3 15

= a positive integer + a positive integer +1 [using (1)]
= a positive integer i.e., P(k+1) is true whenever P(k) is true

Hence, by principle of mathematical induction, P(n) istrue Vn € N.

Example 4: Prove by the principle of mathematical induction, V n €
N.



1 1 1 2n
1+_+ A R TR + -
1+2 1+2+3 142+3+---+n n+l1
Solution:
P(n):1+L+;+ ................. + 1 — 2n
1+2 1+2+3 1+2+43+----- +n n+l
P(n) = 21%: 1, whichistrue.

Assume that P(k) is true, i.e.,

: 1 1 1 2k
Plkl=1+ e T T + —
¢Plk] 1+2 1+2+3 1+2+43+---+k  k+1, 1)
We shall now prove P(k+1) is true, i.e.,
P(k+1):1+i+ 1 [ R TR T PRI + 1
142 1+2+3 14243+ --+k
+l =2k, 1 [using(l)}
14243+ --+k+(k+1] k+1 [k+1](k+2]
2
o 2,12 kK*+2k+1
k+1|  k+2| k+1| k+2

2 [k+1f  2(k+1|
k+1 k+2  k+2

=RHS

Thus, P(k+1) is true whenever P(k) is true.

Hence, by principle of mathematical induction, P(k) is true.

Example 5: prove by the principle of mathematical induction, V n €
N

sinsin Osin sin 0

sinsin O+sinsin 26 +sinsin 30 +--- --- +sinsinnf =

. .. 0
sin sin—
2
Solution:

Let P(n) be the given statement i.e.,



sinsin |—— |0Osinsin|—|0
P(n): sinsin@+sinsin20+sinsin360+------ +sinsinnf = 5
sinsin—
2
- (1
sinsin| —— |Osinsin|=|0
P(1): sinsinf= 5 =sinsin@ , which is true
sinsin—
2
Assume that P(k) is true i.e.,
o .. |k
sinsin | —— |0 sinsin 5 0
P(n): sinsinO+sinsin26+sinsin30+------ +sinsinkf = 5
sinsin —
2
)
We shall now prove P(k+1) is true, i.e.,
P(n): sinsin O+sinsin 20 +sinsin30+------ +sinsin k@ +sinsin (k+1|6

sinsin | ——|60sin sin kzj)(-)
2
sinsing —
2
Now let us consider
O+sinsin20+sinsin30+------ +sinsin k@ +sinsin (k+1)8
sinsin k+1 Osinsin k 0 K1 K1
+ 2 si ——|0cos|—— |0 i
9 2 sin 5 ) ( > ) [using (1)]
sin sin—
2
.. | k+1
sinsin > 0 0 Kol
= ——— ' Isinsin|—= 9+251nsin§cos 5 9}
sinsin—
2
L. k+1)
sinsin|——16
_ 2 L. kO
= —————sinsin|{— 6+7

sin sin—
2



sinsin 0sin k%Z 0
= = RHS

.. 0
sinsin—
2

Thus, P(k+1) is true whenever P(k) is true.

Hence, by principle of mathematical induction, P(n) istrueVn € N.

Example 6: Use mathematical induction to prove

n

n+1

<
ln2

,wheren € Nandn>1

Solution:

Let P(n) be the given statement, i.e.,

n

n+1

P(n): Ln< 5

241\

9
> i.e.,, 2< — which is true.

Now, P(2): [2< 2

Assume that P(k) is true i.e.,

k

k+1

P(n): |k< 5

(1)

We shall now prove P(k+1) is true, i.e.,

k+1

P(k): Lk+1<| KF2 @

Ko k1t

Now, lk+1=(k+1]| k<(k+1]| =

k+1
2

lk+1 < 1k+211()+1 I )

By binomial theorem,

k+1
1

=1+k+1)—+------
( )k+1

1
1+——
k+1

k+1

=>kL2 >2

k+1




(k+2)k+1>2 x 2K

(k+1)k+1 2k
[k+2)k+1 (k+1)k+1

= 2k+1 > 2k

—3

_ k1 (k2|
2

From (3) and (4)

k+2 k+1

[k+1<

Thus, P(k+1) is true whenever P(k) is true.

Hence, by principle of mathematical induction P(k) is true.
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