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Introduction: In this module, we will prove certain results or statements (including inequality) in

terms of n. where n is a positive integer using principle of mathematical induction.

The principle of mathematical induction

Suppose there is a given statement P(n) involving the natural number n such that

1. The statement is true for n=1, i.e., P(1) is true and
2. If the statement is true for n = k(where k is some positive integer), then the statement is

also true for n = k+1, i.e., truth of P(k) implies the truth of P(k+1).
Then, P(n) is true for all natural number n.
Note:

® In the above statement property (i) is simply a statement of fact. There may be instances
when a statement is true forn > 1, where r is some positive integer other than 1 (say 2 or
3 etc.)
We shall verify the result for n = ri.e.,in step 1, we shall show P(r) is true.

® The property given in step (ii) is a conditional property. It does not assert that the given
statement is true for n = k, but only that if it is true for n = k, then it is true for n = k+1.

This step is also referred as inductive step.

Example-1 For all n=1, prove that

nin+1)

14243+....+

Solution: let the given statement be P(n), i.e.,

P (n): 1+2+3+....+”(”2+1)

Forn=1,P (1): 1 =1(1+1)/2 = 1, which is true

Assume that P (n) is true for some positive integer k, i.e.,

P (k+): 1+2+3+...... +k =

We shall now prove that P (k+1) is also true, i.e.

P (k+1): 1+2+3+......+k + (k+1) = k+1+1(k+1] .......... )



LHS = (142+3+.... +k) + (k+1)
klk+1)

+(k+1) using (1)
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(k+1)|[k+1)+1|
2

= RHS
Thus P(R+1) is true, whenever P (k) is true. Hence, from the principle of mathematical induction,

the statement P(n) is true for all natural number n

Example-2 Prove the following by using the principle of mathematical

induction for all n € N: a+ar+ar2+...+ar”‘1:a(r—_11)
-

Solution: let the given statement be P (n), i.e.,

P(n): a+ar+ar’+...+ar" '= alr _11)
o

alr-1|
r-1]

Forn=1,P(1):a= = a, which is true

Assume that P (n) is true for some positive integer R, i.e.

—1:a(rR_1)

r-1 7 D

P(n): a+ar+ar’+...+ar®

We shall now prove that P(R+1) is also true, i.e.

"
P(R+1): a+ar+ar2+...+arR’1+arR:a(r711) . (2)
-
LHS = |a+ar+ar’+..+ar®'| + arf
R—
= 7a(r 1) + ar® (using 1)
r-1

ar®—a+ar®(r-1|
r-1

+1

R R R
ar —a+ar’ —ar
r-1




[ R+1
_al™ = RHS
r-1

Thus P (R+1) is true, whenever P (k) is true.
Hence from the principle of mathematical induction, the statement P (n) is true for all natural

numbers n.

Example-3 Using the principle of mathematical induction

1 __n
2n-1/2n+1] 2n+1

P h . L+L+L+ +
rovethat: 33735 577

Where n is any positive integer

Solution: we can write

by alaly 41 on
M: 13%35% 577 2n-1)2n+1] 2n+1

1 1 1
We note that P (1): T3 9% 1513

, which is true

Thus P (n) is true forn = 1

Assume P (n) is true for some natural number R,

1 _ R
2R-1)[2R+1) 2R+1 (1)

R B
ie.PR): Ta*agts st

we need to prove P(R+1) is true i.e.

PRH): ottt 1 + 1 =R+ 2
(RH1): 13%35% 57" 2R-1)[2R+1) [2R+1|[2R+3] 2(R+1)+1 ()
LHS = —+—+i+...+ , 1 1 (using 1)
1.3 35 5.7 2R-1)[2R+1] 2R+1|[2R+3|
_ _R | 1
~ 2R+1 2R+1|[2R+3|
1 1
= +-
2R+1 2 R+3]
1 RI[2R+3J+1
2R+1 2R+3

1 2R°+3R+1
2R+1 2R+3

1 [R+1]2R+1]
2R+1 2R+3




R+1
2R+3

R+1
2R+2|+1

_ __R+1 — RHS
T [2R+2)+1

Thus P(R+1) is true whenever P(R) is true.

Hence, by the principle of mathematical induction, P(n) is true for all natural number N

Example-4: Prove by the principle of Mathematical Induction

1°+2°+ 3%+, 40’ =(1+2+3+...+nf
Solution: let the given statement be P(n), i.e.,
P(n): 1’+2°+3%+.. . +n’=(1+2+3+...+n)
Forn=1,P(1): 1° =1=1°, which is true
Assume that P(n) is true for some positive integer k, i.e.,
P(k): 1’+2°+3%+.. +k’=(1+243+...+k] ... (1)
We shall now prove that P(k+1) is also true, i.e.,
P(k+1): 1P+ 2%+ 3%+, +k +(k+10=(14243+. +[k+1)
LHS = 1°+2°+3%. +k* )+ [k+1]

= (1+2+3+...+k]" + [k+1

2

kik+1)

2

+ (k+1]

2 2
_ k (k4+1) 4+ [k+1)3

2

= (k+1] k—+k+1
4

. (2)



kK*+4 k+4

= [k+1] "

2

(k+1F(k+2
2

= (142+43+...+(k+1]/ =RHS

Thus P(k+1) is true, whenever P(k) is true.

Hence, from the principle of mathematical induction, the statement P(n) is true for all natural

numbers n.
Example: 5 prove by the Principle of mathematical induction for all neN
1.2+22°+32°+...+n2"=(n-1]2""+2
Solution: let the given statement be P(n), i.e.
Pln):1.2+22°+32°+...+n2"=(n-1)2""'+2
Forn=1,P(1):1.2=2=(1-1) 2> +2 =2, which is true
Assume that P(n) is true for some positive integer k, i.e.,
Plkl:1.2422%432%+ .. +k2 =k -1)2"""+2...[1]
We shall now prove that P(k+1) is also true, i.e.,
Plk+1):1.2422%43 2%+ . +k 2" +[k+1)2"" =[k 2"+ 2...[2]

LHS= [1.2422%432%+.. +k2"|+(k+1]2""

[k-1]2""+2] + (k+1]2*" |Using|1]]

(k=1)2"" + [k+1)2" +2

[k —1+k+1)2""42

=2k 2" +2

— k 2k+2 + 2



=RHS
Thus P (k+1) is true, whenever P(k) is true.

Hence from the principle of mathematical induction, the statement P(n) is true for all natural

numbers n.
Example-6: prove by the principle of mathematical induction that

Z

1n+1_ _1
o107 -9n 0]

7+77+777+...+T7777...7 =

Foralln € N

Solution: let the given statement be P (n), i.e.,

7 7
Forn =1, P(1): a“°2‘9‘1°):aX81:7 , which is true.

Assume that P (n) is true for some positive integer k, i.e.

7 (ke
T+TTHTTTH. .+ TT77..7 = a(lo" '-9k-10]...[1]

We shall now prove that P(k+1) is also true, i.e.,

7 (1 oks
P (k+1): 7+77+777+...+ 7777...7 + 77777...7 = —1(10" *~9(k+1]-10...[2|

LHS=7+77+777+...+7777...7) + 77777...7

7 (e
= 57107 -9k=10] +77777...7 (using 1)

=

- 10°'-9k=-10] + (1410+10%+...+10"]

k+1
710" - 9k-10] +7 (10" -1]

81 | 10-1

(10" = 9k-10+9.10" 9|
81
(107 -9lk+1)-10] =RHS



Hence P (k+1) is true, whenever P (k) is true

Hence from the principle of mathematical induction the statement P(n) is true for all natural

numbers n.

Example-7: Using principle of mathematical induction, prove that

n sin sin (2”0{)
COS COS ¢ COS COS 2 & COS COS 3 & COS cos4a....coscos(2 a)zn‘i"

2 sinsina
Foralln € N
Solution: let the given statement be P (n), i.e.

n sin sin (2”0{)
P (n): coscosacoscos2a coscos3acoscos4 a....coscos(Z 0{):,1.—_

2 sinsina
sinsin (2 a || cos cos a
Forn=1,P(1): coscosa = # = Ji = coscosa ,
2sinsina 2sinsina

Assume that P (n) is true for some positive integer k, i.e.

K sin sin (Zka) |
P (k): coscosacoscos2a coscos3acoscos4 a....coscos(Z O():k_i_....(l)

2" sinsina
Let us now prove that P (k+1) is true, i.e.
Pk +1):
o1 « |_sinsin[2**'q
COS COS ¢ COS COS 2 & COS COS 3 & COS Cos4a....coscos(2 O()coscos(Z 0()2?....(2]
2" sinsin a

LHS= {coscos Q COS COS 2 COS COS 3 & COS cos 4 a....coscos(Zk_laJ]cos cos(ZkO()

B sinsin(Zka) k
= | |cos cos(Z a)
2" sinsina

2sin sin(Zka)coscos(Zka)

k+1 . .
2" sinsina

. . k+1
sinsin 2**

a =RHS

k+1 . .
2" sinsina



Hence P (k+1) is true, whenever P (k) is true.

Hence from the principle of mathematical induction the statement P (n) is true for all natural

numbers n.



