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1. Introduction
In this module we will discuss sine and cosine function formulae their derivations and their

application.

2. Sine Rule
The sine rule states that the lengths of the sides of a triangle are proportional to the sines of

a b ¢

angles opposite to them i.e. in AABC, A

inA sin B - sinC

Proof: Three cases arise

Case (i) When A ABC is acute angled triangle




Leta=BC. b=AC and c = AB
From vertex A. draw AD.LBC

lnAABD.% =sinB=>AD=csinB ... (i)

AD

[nAACD.F smC=AD=bsnC ... (11)

From (1) and (11) we get. ¢ sin B=b sin C

b ¢

' = —— saialy
sin B sin C

or

Similarly. by drawing BELAC. we can prove that

a C
. = — ... (B)
sin A sin C
From (A) and (B). we sece that
a b c

simA smB sin(C



Case (ii) When A ABC is obtuse angled triangle.

A

|

I

I

l

e\ N\

I

I

h_

D B a ¢

From vertex A, draw AD 1 BC produced.

In A ABC,

AD _ sin(180° — B)
AB

:Ezsin B
AB

= AD=csinB........ (i)

Similarly. in AACD. i sin C
AC

orAD=bsinC ............. (11)

From (1) and (i1). we get

csinB=bsinCor ,b .

smB sinC




Similarly. by drawing BELAC. we can show that

o C

sinA  sinC

a b C

smA smnB  sinC

Hence.

Case (iii) When A ABC is right angled triangle.

In A ABC, right angled at B.

A
c b
ul
B 4 C
(1) — =sinC or g=sinC = b= .C
b sin C
(i1) £=sinA or 3=sinA = b= 'a
AC b sin A
(111) sinB=sin£=l =3 ,b =b
2 sin B

From (i), (ii) and (iii), we get



b= 2 ¢ b

smA sinc sinB

a b C

=> - — - — -
smA smB sm(C

- From all the three cascs. we sce that

a b c

sin A - sinB - sin C

N t (1) a = b = c =
e sinA sinB  sinC

k
—a=ksinA.b=ksinB.c=ksinC

..sinA smB sinC
(11) = = =

= A
a b ¢

= sinA= aA,sinB =bA.sin C =cA

Example 1 : In AABC.ifa=2.b=3andsin A= —_find ZB.

| o

a b (1
Solution : We know that

smA smB sinC

3and smA=

(PSR RES)

. 8 .
= smB=1 = B=— or90°



Example 2: In any triangle, prove that

a®-¢2  sin(A-C)

(1) ¥ sin (A+C) (i) bcos B+ ccos C =a cos (B-C)

Solution:

a*=c*  k3sin?A - k3sin*C _
1) LHS = = by sin¢ formula
¥ b? caB LY |

sinA-sm*C  sin (A+C) sin(A-0)

sin? B sin? [18()“ -(A+C)]

_ sin (A+C) . sin (A-C) " sin (A-C) o

== : : RHS
sin (A+C) s (A+C) sin (A+(C)

(1) LHS =bcosB+c¢cosC

=k [sin B cos B + sin C cos C]

=l;; [sinQB+sin2C]

to | =

[2 sin (B+C) cos (B-C)]

=k [sin (180°-A) cos (B-C)]
=k sin A cos (B-C)
= a cos (B-C) = RHS



3. Cosine Rule

In any triangle ABC, we have

; ’ s e b?+ ¢? - a?
(1) a*=b*+c*-2bccosAorcos A= ——
2bc
. . - a’+c?-b?
(11) b*=a*+c¢*-2accos Borcos B= - -
2ac
o S Em . a*+b?-c¢?
{11) ¢cc=a*+b*-2abcosCorcosC= ——
2ab
Proof : Three cases arise :
Case I : When the AABC is an acute angled triangle.

From vertex A_ draw AD1BC

In AABD. cos B = BD = BD=ccosB
c

In AACD. cos C = % = CD=bcosC

Also. AC* = CD? + AD-
= AD?*+ (BC - BD)?
= BC*+ (AD? + BD? - 2BC . BD
AC?=B(C? + AB? - 2BC.BD
or. b’=a*+¢*-2accos B

a:+c:_b:
2 ac

or.cos B =

Case Il :  When AABC is an obtuse angled triangle.
From vertex A, draw AD1CB produced

In AABD.

A cos (180° -B)=-cos B
¢

= BD=-ccos B

Also, AC2=AD*+ CD?



=AD? + (BC + BD)*
=AD* + BD* + BC* + 2BC.BD
AC*=AB? + B(C? + 2BC.BD

orb*>=¢*+a*>+ 2a (-c cos B)

> 2 >

c2+a’-b?

orcosB= ———
2ac

Case 111 : When AABC 1s a right triangle.

b*=c¢c?+a?
i

ASB=7 = cosB=0
. b*=c*+a*-2accosB [ cos B=10]

c2+a2-h?
= cosB= ——

2ac
ci+a?-bh?

Thus. 1n all the three cases cos B = - =
Z2ac

By following the same procedure. we can prove that

CoOSsA= ———andcosC= ———
2bc 2ab

Example 3:
In a AABC, prove that a (b cos C - ¢ cos B) =b* - ¢?

Solution:

LHS :a (b cos C -c cos B)

a“+b°- ¢ a° +¢°-b°
=ab|——|-a¢c | ——
2ab 2ac

u]




_ El I:/a;/ij:_C:_ﬁz’_cz;b:]

= % [ b’ -2{::3] =b’ -¢’ =RHS

Example 4:

: " c-b cosA cos B
a i ethat ———— =
L84 aBL; PROYERE b-c cos A cos C

Solution:

P c-b cosA
b-c cosA

b (b:+c:-a:)

2be _b c*+a’-b’
= b:-h::-a:] ¢ | b*+a’ <’

b-¢c (
2bc

cosB Z,z(b (az+c:-b2) l_J. |:i::+a:-h:
C

> = cosC Ii’?{c (ﬂ:*”br'ﬂ:) ) a*+b*

= LHS




Example 5:

In anv A ABC . prove that

2 (bccosA +cacos B+abcos C)=a"+b"+ ¢’

Solution:

(b:+C2-a: ) a:+ C:'b: a:+ b:-cz
2 el L S A, O S O
LHS = 2be 2bc “ 2ac ab 2ab

HLRCET T AT AT

= a* + b*+ ¢ = RHS

Example 6:

In any AABC . prove that

- " ~ bl ~ -
- —

: ¢*=-a" . a !
—.S1n 2A + —.sin 2B + z .sin2C =0

a- b2 "
Solution:
= e[0T+ ) (07 () )b () o ) o) a7

2 :‘?[Ja‘/-/—a}b’ﬂ 7+ o a4+ a7+ - b - AT+ b3 |- 0 = RHS



4, Summary

In this module sine and cosine rule’s derivations were taken. These rules were applied in solving

various problems.



