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1. Introduction 

In this module we will discuss trigonometric equations, their principal and general solution. 

Equations involving trigonometric functions of a variable are called trigonometric equations. In 

this section, we shall find the solutions of such equations. It is already discussed in the previous 

modules that the values of sinx and cosx repeat after an interval of 2 and the values of tanx 

repeat after an interval of  . The solutions of trigonometric equations for which 0 2x   are 

called principal solutions. The expression involving integer ‘n’ which gives all solutions of a 

trigonometric equation is called the general solution. We shall use  ‘Z’ to denote the set of 

integers. 

 

2. Trigonometric Equations 

 

       Theorem 1: 

       For any real numbers x and y, 

       sin sin ( 1) ,nx y x n y n Z=  = + −   

        Proof:  

        sin sinIf x y=  

        sin sin 0x y − =  

        2cos( )sin( ) 0
2 2

x y x y+ −
 =  

       which gives cos( ) 0 sin( ) 0
2 2

x y x y
or

+ −
= =  

 



 

     Therefore  (2 1)
2 2 2

x y x y
n or n




+ −
= + = , where n Z. 

        i.e. (2 1) 2x n y or x n y = + − = + , where n Z. 

       Hence 2 1 2(2 1) ( 1) 2 ( 1)n nx n y or x n y += + + − = + −  where n Z. 

       Combining the two results, we get  

      ( 1)nx n y= + − , where n Z. 

Theorem 2:  

For any real numbers x and y,  

cos cos 2x y x n y=  =  , where n Z. 

Proof: 

    If cos cosx y= , then  

    cos cos 0x y− =  

    i.e. 2sin( )sin( ) 0
2 2

x y x y+ −
− =  

   Thus sin( ) 0 sin( ) 0
2 2

x y x y
or

+ −
= =  

   Therefore  
2 2

x y x y
n or n 

+ −
= =

, 
where n Z. 

    i.e.    2 2x n y or x n y = − = + , where n Z. 

    Hence   2x n y= 
, 
where n Z. 

 

 



 

 Theorem 3: 

 Prove that if  x and y are not odd multiple of  
2


, then  tan tan ,x y x n y=  = +  where n Z. 

  Proof: If tan tan tan tan 0x y x y=  − =  

    Or 
sin cos cos sin

0
cos cos

x y x y

x y

−
=  

    which gives  sin( ) 0x y− = . 

    Therefore , . .,x y n i e x n y − = = + , where n Z. 

Example 1: Find the principal solutions of the equation 
1

tan
3

x = − . 

Solution: 

We know that, 
1

tan
6 3


= . 

Thus, 
1

tan( ) tan
6 6 3

 
 − = − = −

 

and  

1
tan(2 ) tan

6 6 3

 
 − = − = −

 

Thus, 

5 11 1
tan tan

6 6 3

 
= = −

 

Therefore, principal solutions are 
5 11

6 6
and

 

. 

  Example 2: Find the solution of 
3

sin
2

x = −

. 

  Solution: We have  



 

     

3
sin sin

2 3
x


= − = −  

                        

sin( )
3

4
sin

3






= +

=
 

which gives

 

   

4
( 1)

3

nx n


= + − , where n Z. 

Example 3: Find the principal solutions of sec 2x = . 

Solution: We have 

      

sec 2x =
 

1
cos

2
x =   which is positive so x lies in first or fourth quadrant. 

Therefore, 
1 5

cos cos cos
2 3 3

x or
 

= =  

Hence principal solutions are  
5

3 3
x or

 
= . 

 

Example 4: Solve for x, if cot 3x = − . 

Solution: We have 

             cot 3x = −  

        
1

tan
3

x = −

 



 

       
5 11

tan
6 6

x or
 

 =  

       
5 11

6 6
x or

 
 = . 

So, principal solutions are 
5 11

6 6
x or

 
=  

And the general solution is 
5

6
x n


= + , where n Z. 

Example 5: Solve for x, if cos4 cos2x x= . 

Solution: We have 

cos4 cos2x x=  

4 2 2x n x =   

4 2 2 4 2 2x x n or x x n  − = + =  

2 2 6 2x n or x n  = =  

1

3
x n or x n  = =  

Example 6: Solve for x, if cos3 cos cos2 0x x x+ − = . 

Solution: Here  cos3 cos cos2 0x x x+ − = . 

                  
3 3

2cos cos cos 2 0
2 2

x x x x
x

+ −   
 − =   

   
 

                  2cos2 cos cos2 0x x x − =  

                  cos2 (2cos 1) 0x x − =  

                  cos2 0 (2cos 1) 0either x or x = − =  



 

                  ( )
1

2 2 1 cos cos
2 2 3

either x n or x
 

 = + = = , where n Z. 

                  ( )2 1 2
4 3

either x n or x n
 

 = + =  , where n Z. 

3. Summary 

 In this module, trigonometric equations were taken and their solution  derived.  Principal 

solution and general solution of trigonometric equations were discussed. 

 


