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1. Introduction

In this module we will discuss the derivation trigonometric functions of multiple and

submultiple angles. Also we will use these formulae to solve various problems.

2. Trigonometric functions of multiple and submultiple angles.
1. cos2x=cos’ x—sin® x =2c0s* x—1

1—tan? x

=1-2sin’x = >
1+tan” x

We know that
cos (x + y) =cosx cosy—sinxsiny
Replacing y by x, we get
cos 2x = cos’y — sin’x
=cos’xy — (1 —cos?x) =2 cos*x — 1
Again, cos 2x = cos? x — sin’x
=1 —sin*x —sin*x = 1 — 2 sin’x.

2 -2
COos x—s1mm x

We have cos 2x =cos’x —sin’xy = 3 —
Cos” x+sin ~ x

Dividing numerator and denominator by cos? x, we get

1—tan’ x

Ccos 2x = ol
1+tan™ x

n
X#Fnm+ 5 where n is an integer



2tan x -
sin 2x = 2 sinx cos x = 2 X#HT+-— where n 1s an integer
1+tan~ x 2 =
We have
sin (x + v) = sin x cos y + cos x sin y
Replacing y by x, we get sin 2x = 2 sin x COs X.

251N X COS ¥

Again sin| 2x = 2 5
< COS™ x+sIn” x

Dividing each term by cos® x, we get

2tan x
sin 2x = >
l+tan™ x
2tanx b
tan 2x = > if 2x#nmn+—, where n is an integer
1-tan” x 2 .

We know that

tanx + tan y

tan (x +y) = 1 —tan x tan y

: 2 tan x
Replacing y by x . we get tan2x=————
I-tan™ x



sin 3x = 3 sin x — 4 sin’x

We have,
sin 3x = sin (2x + x)
= sin 2x cos x + cos 2x sin x

=2 sin x cos x cos x + (1 — 2sin’x) sin x
=2sinx (1 —sin’x) +sinx — 2 sin’x
=2sinx—2sin’xy +sin x — 2 sinx
=3 smx—4 s’y

cos 3x=4 cos’x — 3 cos x
We have,
cos 3x = cos (2x +x)

=c0s 2x COSs x — sin 2x sin x
=(2cos’x — 1) cos x — 2sin x €OS x sin x
=(2cos’x — 1) cos x — 2cos x (1 — cos?x)
=2cos’xy —cosx —2cos x + 2 cos’x
=4cos*x — 3cos x.



3tanx—tan® x

. o s . .
tan3x = > if 3x=nn+—, where nis an integer
1-3tan” x 2

We have tan 3x =tan (2x +x)

2tan x
————+fan x

tan 2x + tan x l-tan” x

1—tan 2x tan x 1 2tan x.tan x
1—tan’ ¥

3 -
2tan x + tan x — tan"x 3tan x — tan°x

I —tan x — 2tan " x 1—3tan"x

1+sin260+cos260

- =cotd
1+sin 26 —cos20

Example 1: Prove that :

1+sin260+cos26 1+cos26 +sin 26
1+5in 20 —c0s260 1-cos26+sin26

Solution: LHS=

_2cos* 0 +2sinfcosd  2cosH(cosH+sin )
2sin®@+2sinfcosd  2sin O(cos @ +sin )

=cot0 =RHS.



Example2: Prove that: cos X —tan(z—i).

1+sinx 4 2

sin(z—xj
Solution: LHS= CoOsX _

1+sinx (zr j
1+cos E_X

Example 3: Show that: \/2+\/2+\/2+2c058¢9 =2c0s4.

Solution: LHS= y/2++2+ 2+ 200580

:\/2+\/2+1/2(1+ c0s86)

:\/2+\/2+\/4c052 40
= \2++/2+2c0s40

= y2++/4cos? 26
_\2+2c0s20

—2cos@

=RHS



Example 4: Prove that: (05 A+cos B)" +(sin A~sinB)" = 4cos’ ( & Bj

Solution: We have,

LHs = (cos A+cosB)” +(sin A—sin B)’
_ (cos® A+cos” B+2cos Acos B) +(sin® A+sin” B - 2sin Asin B)
:(0052 A+sin? A)+(cos2 B +sin? B)+2(cos AcosB—sin AsinB)
—2+2cos(A+B)

—2[1+cos(A+ B)]

A+B

_4cos’(

)

3. Summary

In this module some formulae of trigonometric functions of multiple and submultiple angles

have been derived. Using these identities, some results have been proved.



