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1. Introduction

In this module we will derive the identities based on the sum and difference of angles of
trigonometric functions and use them in deriving some identities based on them. The first step
will be to prove the identity cos (X +Yy) =cosx cosy—sinXx siny. Using this, other formulae
relating sum and difference of two angles will be proved.

2. Sine and Cosine Functions of Sum and Difference of Two Angles

In this section, we shall derive expressions for trigonometric functions of the sum and
difference of two numbers (angles) and related expressions. The basic results in this connection
are called trigonometric identities. We have seen that

1.sin (=x) =-sinXx

2.C0S (—X) = cos X

We shall now prove some more results:
3.c0s (X+y)=CcosXCcosy-—sinxsiny

COoS (X +y) =C0S X COSYy—sinXxsiny



Consider the unit circle with centre at the origin
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Let x be the angle P,ORPand y be the angle POP, Then (x + y) is the angle P,OP,.

Also let (—y) be the angle P,OP, . Therefore, P, , P,and P, and P, will have the coordinates

P, (cos X, sin x), P, [cos (x +), sin (x + )], P, [cos (~y), sin (- y)] and P, (1, 0) as shown in
the above figure.

Consider the triangles BOP,and P,0OP,. They are congruent (by SAS). Therefore, P, P, and
P, P, are equal. By using distance formula, we get

P,P? =[cos x —cos(~y)]* +[sin x —sin(=y)]?

= (Cos X —C0s y)? + (sin x +sin y)?
=C0S” X+C0S” Y —2C0SXCOS Y + Sin® X +Ssin® y + 2sin xsin y
=2—2(cosxcosy—sin xsiny)

Also,

P,P? =[1—cos(x+ y]* +[0—sin(x + y]*
=1+c0s?(X+ y) —2cos(X + y) +Ssin*(x + y)
=2—-2c0S(X+Y)



Since, P, P,= P, P, and also PP? = P,P} (Proved above)
Therefore, 2 -2 (cos x cosy —sin xsiny) =2 —2 cos (X +Y).
Hence, cos (x +y) =cos X cosy —sinxsiny ........... 3)

4.cos (X—Yy)=cosXxcosy+sinxsiny
cos (X —y)=cosxcosy+sinxsiny

Replacing y by —y in identity 3, we get
cos (X + (—y)) = cos x cos (—y) —sin x sin (—Y)
or, cos(X—y)=cosxcosy+sinxsiny........... 4)

5. cos(ﬁ— xj =sin X
2
If we replace x by% and y by x in Identity (4), we get

cos(z—xj:coszcosx+smasmx:smx ......... %)

6. sin(f— x) = COS X
2

Using the Identity 5, we have

sin [5— x} = cos[z—(z - Xj] =COSX . .. (6)
2 2 (2

7.8in (X +y)=sinxcosy+cosxsiny

sin(x+ y):cos(%—(x+ y)]:cos[(%—x)—yJ

= cos(g— X) C0S y+sin(g— x)siny

=SiN XCOS y +COS XSin 'y %

8.sin (X —y) =sin X cos y —cos X sin'y

If we replace y by -y, in the Identity 7, we get the result.

9. By taking suitable values of x and y in the identities 3, 4, 7 and 8, we get the
following results:

T . . VA
COS(E+XJZ—SIHX SIH(E+Xj=COSX

cos(wr—x)=—cosx  sin(z—x)=sinx



cos(z+x)=—cosx  sin(z+x)=-sinx
cos (27 —X) =Ccos X sin(27 —x)=-sinx
E le 1: If o 3 i 12 37 find sin(A-B
xample 1: smA:g,0<A<§andcosB:—E,ﬂ<B<7’ ind sin(A-B).

Solution:

sin A:§, 0< A<Z :cosA:i
5 2 5

cosB:—E,zr<B<3—7T:sinB:—i
13 2 13

sin(A—B) =sin Acos B —cos Asin B

312, 4 5
BRI
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Example 2: If sin A:§’0< A<£ and COSBI—EJZ'< B<3_7Z find COS(A+B).
S 2 13 2"
Solution:
sin A:§,0< A<Z :cosA:ﬂ
5 2 5
COSB=-—=,7<B<— =sinB=——

13
cos(A+ B) =cos Acos B —sin Asin B
4 12 3 5
=(—Xx——)—(=x——
(5 13) (5 13)

3
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Example 3: Find sin75%and cos75° .

Solution: sin75° = sin(45°+30°) =sin45° cos30° +cos45° sin30°
1,88, 1 1 A3t
=J2 2 2 2 22
c0s75° = cos(45%°+30°) =cos45° cos30° -sin45° sin30°
1,3 1 1 V31
=J2 2 22 22



Example 4: Evaluate: COSZ—”COSZ—Sin z_ﬂsinz

Solution:

27 T . 2T . T
COS—COS— —SIh—SIn—
3 4 3 4

2r 11~
=C0S(— +—) =Cos—
3 4 12

=05165° = —cos15°

Now
cos15° = cos(45° —30°)
_\/§+1
2\2
2 T . 2T . T \/§+1
. C0S —— COS ——Sin ——sin = = —
3 4 2.2

3. Tangent and Cotangent Functions of Sum and Difference of Two Angles

Similar results for tan x, cot x, sec x and cosec x can be obtained from the results of sin
X and cos X.

10. If none of the angles x, y and (x +y) is an odd multiple of % then

tan x +tany

t = - = J
an(x+y) l-tanxtany

Since none of the x, y and (x + y) is an odd multiple of % it follows that cos x, cos y and

cos (x +y) are non-zero. Now
_sin(x+y) sinxcosy+cosxsiny

tan(x+y)= -
( y) cos(X+Yy) C€OoSXcosy-—sinxsiny

Dividing numerator and denominator by cos x cos y, we have

sin xcosy . cos xsiny

COSXCOSY COSXCOSY
COSXCOSy sinxsiny

COSXCOSY COSXCOSY
_ tanx+tany
1-tanxtany

tan(x+y)=




_ tanx—tany

11. t -y)=
an(x y) l+tanxtany

If we replace y by —y in Identity 10, we get tan (x —Yy) = tan [X + (- )] _tanx—tany
l+tanxtany

12. If none of the angles x, y and (x +y) is a multiple of 7z, then

cotycotx—-1
cot(x + y) = LY COtx -1
cot y —cot x

Since,
If none of the x, y and (x +y) is multiple of 7, we find that sin x sin y and

sin (x +y) are non-zero. Now

COS(X+Yy) COSXCOsy—sinxsiny

sin(x+y) ~ sinxcos y 4+ C0S Xsin'y

Dividing numerator and denominator by sin x sin y, we have

cot(x+y) =

COt(x+y) = cotycotx—1
coty+cotx . (12)
cotxcoty—1 . . .
13. cot(x—y) =———— if none of angles x, y and x—y is a multiple of =

cot y +cot X

If we replace y by —y in identity 12, we get the result
cotycotx+1

cot(x—vy) =
(x=Y) cot y —cot X

Example5: Evaluate: tan15°
Solution:

tan15° = tan (450 - 300)

_ tan45° —tan30°
1+ tan 45° tan 30°

[N
|

-

[
+

&
L e

)
+
H



Example 6: Show that tan3x tan2x tanx = tan3x — tan2x —tanx.
Solution: We know that
3X=2X + X

Or tan3x = w
1-tan 2xtan x

Or tan3x- tan3x tan2x tanx = tan2x - tanx
Or tan3x- tan2x — tanx = tan3x tan2x tanx

Or tan3x tan2x tanx = tan3x- tan2x — tanx

Example7: If A+B :%, prove that (1+tan A)(1+tan B)= 2.

Solution: We have

A+B=Z
4

:>tan(A+B)=tan%

tan A+tan B
- =
1-tan Atan B

= tan A+tanB=1-tan Atan B
=tan A+tanB+tan AtanB =1

=1+tan A+tan B +tan AtanB =2
=(1+tan A)(1+tanB)=2

4, Summary:
In this module identities based on the trigonometric functions of sum and difference of two
angles have been discussed. These identities have been used to solve various questions.



